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Abstract 

We construct interacting quantum fields in 1+1 space-time dimensions, representing char- 
ged or neutral scalar bosons at positive temperature and zero chemical potential. Our work 
is based on prior work by Klein and Landau and H0egh-Krohn. Generalized path space 
methods are used to add a spatially cut-oft interaction to the free system, which is described 
in the Araki- Woods representation. It is shown that the interacting KMS state is normal 
w.r.t. the Araki- Woods representation. The observable algebra and the modular conjugation 
of the interacting system are shown to be identical to the ones of the free system and the 
interacting Liouvillean is described in terms of the free Liouvillean and the interaction. 
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1 Introduction 



Thermal quantum field theory is supposed to unify both quantum statistical mechanics 
and elementary particle physics. The formulation of the general framework should be wide 
enough to allow a QED description of ordinary matter. It should also provide the necessary 
tools for the QCD description of several experiments currently envisaged with the new Large 
Hadron Collider (LHC) at CERN. While the general theory of thermal quantum fields has 
made substantial progress in recent years, the actual construction of interacting models, 
which fit into the axiomatic setting, has not yet started (with the exception of the very early 
contributions by H0egh-Krohn jH-Klj and Frohlich |Fr2j \ 

Let us briefly recall the formal description of charged scalar fields in physics. Examples 
of scalar particle-antiparticle pairs are the mesons ir + , ir~ , K + , K~ , or K°, K°. (In the last 
case the 'charge' is strangeness). One starts with the classical Lagrangian density 

C = (d v (p)(d v tp*) - m 2 tpip* - ^(ifip*) 2 . 

Here ip(t,x) is a complex scalar field over space-time. The Lagrangian density C(t,x) is 
invariant under the global gauge transformations if <— > e la ip, a € IR. By Noether's theorem 
this invariance leads to a conserved current 



j„ = i((p*d v cp - <pd v (p*), u = 0,...,3, 
and to a conserved charge 

q= I d 3 xj {t,x). 
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The next step, according to the physics literature, is to setup real or imaginary time pertur- 
bation theory. 

The state of art of perturbative thermal field theory is covered in three recent books 
by Kapusta [K], Le Bellac [L-B] and Umezawa [U]. The authors concentrate on theoretical 
efforts to understand various hot quantum systems (e.g., ultra-relativistic heavy- ion collisions 
or the phase transitions in the very early universe) and various physical implications (e.g., 
spontaneous symmetry breaking and restoration, deconfinement phase transition). 

Constructive thermal field theory allows one to circumvent (at least in lower space-time 
dimensions) the severe problems (see, e.g., Steinmann [St]) of thermal perturbation theory, 
which can otherwise only be removed partially by applying certain "resummation schemes" . 

A class of models representing scalar neutral bosons with polynomial interactions in 1+1 
space-time dimensions was constructed by H0egh-Krohn |H-K1| more than twenty years ago. 
As he could show, thermal equilibrium states for these models exist at all positive tempera- 
tures. For neutral particles, the particle density (and the energy density) adjust themselves 
to the given temperature; contrary to the non-relativistic chemical potential ad- 

justing the particle density can not be introduced, since the mass is no longer a conserved 
quantity. Shortly afterwards, several related results on the construction and properties of 
self-interacting thermal fields in 1+1 space-time dimensions were announced by Frohlich 

m 

Our goal in this and a subsequent paper |GeJj was twofold: first we wanted to fully 
understand the neutral scalar thermal field with polynomial interaction as constructed by 
H0egh-Krohn |H-K1| , with the aim to study thermal scattering theory, using the framework 
introduced by Bros and Buchholz in [BB1 , BB2 . Secondly we wanted to generalize this 
construction to charged fields. This would allow us to study the system at different temper- 
atures and chemical potentials, i.e., different charge densities. A possibility to change the 
charge density would put this model closer to non-relativistic models, where the mass is a 
conserved quantity, giving rise to the existence of a chemical potential. 

The construction of the full interacting thermal quantum field without cutoffs in |Ge.T| 
includes several of the original ideas of H0egh-Krohn |H-K1| . but instead of starting from 
the interacting system in a box we start from the Araki- Woods representation for the free 
system in infinite volume. Using a general method developed by Klein and Landau KL1 
to treat spatially cutoff perturbations of the free system in infinite volume, we can eliminate 
some cumbersome limiting procedures due to the introduction of boxes, when we remove the 
spatial cutoff. 

The present paper is devoted to the construction of neutral and charged thermal fields 
with spatially cutoff interactions in 1+1 space-time dimensions, using the method of Klein 
and Landau |KL1| . Although the excellent paper |KLlj is rather self contained, it did not 
include the discussion of examples. Twenty years ago it might have been evident for the 
experts in the field how to apply their method to thermal quantum fields, but we find it 
worthwhile to present this application in some detail. 

A difference between this paper and KL1| is the use of generalized path spaces as in 
instead of stochastic processes. This compact formulation is convenient for our applications. 
In addition we prove several new results concerning the interacting KMS systems obtained 
by perturbations of path spaces. 



1.1 Content of this paper 

Our paper can be divided into several parts. The first part, presented in Sectional discusses 
the description of neutral and charged scalar fields in terms of operator algebras. Its ap- 
plication to Klein-Gordon fields is discussed in Section [SJ As usual the starting point is a 
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real symplectic space (X, a) , which allows the construction of the Weyl algebra W(X, a) . 
The next step is to introduce on (X,<j) a Kahler structure, i.e., a compatible Hermitian 
structure. For charged scalar fields, the symplectic space {X, a) possesses also a canonical 
'charge' complex structure j and a 'charge' sesquilinear form q, such that a = Imq. The 
maps X 3 x ^ e^ a x for a S 1R generate the gauge transformations. Given a regular CCR 
representation, complex quantum fields are defined. 

This leads to the notion of a charged Kahler structure, corresponding to the introduc- 
tion of another complex structure i and of the charge operator q, relating the two complex 
structures. Finally the notion of charge conjugation is discussed in this abstract framework. 

For Klein-Gordon fields, a conjugation inducing charge-time reflections is used to distin- 
guish an appropriate abelian sub-algebra of the Weyl algebra to which the interaction terms 
considered later on will be affiliated. 

Section|3recalls the characterization of a thermal equilibrium state by the KMS property. 
The GNS representation associated to a KMS state has a number of interesting properties 
which are briefly recalled. For instance, the GNS vector is cyclic and separating for the field 
algebra T (in our case the weak closure of the Weyl algebra in the GNS representation), 
and therefore one can always go over to the weak closure of the relevant operator algebras, 
and we will do so in the sequel. Since a KMS state is invariant under time translations, 
a Liouvillean implementing the time evolution is always available. As has been shown by 
Araki, the KMS condition allows us to introduce Euclidean Green's functions. The notion 
of stochastically positive KMS systems due to Klein and Landau is presented. This notion 
rests on the introduction of a distinguished abelian subalgebra U of the field algebra T . In 
physics, this algebra is the algebra generated by the time-zero fields. It is also shown that 
stochastically positive KMS systems are invariant under a time reversal transformation. 

In Section 0] we recall the notion of a quasi-free KMS system associated to a positive 
selfadjoint operator acting on the one-particle space. The GNS representation for a quasi- 
free KMS system has been analyzed by Araki and Woods. We briefly recall this framework 
and its connection to the Fock representation in a modern notation. It is shown that the 
field algebra T is generated by the time-translates of the abelian algebra U. The observ- 
able algebra, consisting of elements of the field algebra which are invariant under gauge 
transformations, is introduced. In Subsection 14.51 it is shown that the KMS system for the 
(quasi-)free charged thermal field is indeed stochastically positive, if the chemical potential 
vanishes. However, if the chemical potential is non-zero, then the charge distinguishes a time 
direction, and consequently, the system is no longer invariant under time reversal. Thus it 
fails to be stochastically positive too, as we show in Subsection EH 

Following Klein and Landau, a cyclicity property of the Araki- Woods representation, 
which will imply the so-called Markov property for the free system later on, is shown. The 
Markov property has the consequence that the physical Hilbert space can naturally be con- 
sidered as an L 2 -space. 

Section recalls the notion of a generalized path space, both for the O-temperature case 
and the case of positive temperature. We follow here |KL1| . Although the O-temperature 
case is not needed in this paper, it will be useful later on in |GeJ| . A generalized path space 
consists of a probability space (Q, E, jit), a distinguished cr-algebra So, a one-parameter group 
1 i— ► U(t) and a reflection R. We recall the definition of OS-positivity and the Markov property 
for both cases. 

Sectional is devoted to a discussion of the Osterwalder-Schrader reconstruction theorem 
in the framework of generalized path spaces. This reconstruction theorem associates to a 
/3-periodic, OS-positive path space a stochastically positive /3-KMS system. 

In Section we recall from |KL1| how to deal with of perturbations, which are given 
in terms of Feynman-Kac-Nelson kernels. The main examples of FKN kernels are those 
obtained from a selfadjoint operator V on the physical Hilbert space H, where V is affiliated 
to U. 
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We show that for a class of perturbations V considered in |KL1| . the perturbed Hilbert 
space can be canonically identified with the free Hilbert space in such a way that the interact- 
ing algebras hi and the modular conjugation J coincide with the free ones. Moreover, we 
prove that the perturbed Liouvillean Ly is equal to L + V — JVJ, if L is the free Liouvillean. 
Here H denotes the closure of a linear operator H . 

Finally we show that the Markov property of a generalized path space is not destroyed 
by the perturbations associated to FKN kernels. 

In Section |H1 we apply the framework of Sections and 0] to charged and neutral Klein- 
Gordon fields at positive temperature. The case of the neutral Klein-Gordon field is well 
known and reviewed only for completeness. We give more details on the charged Klein- 
Gordon field which provides an example of a charge symmetric Kahler structure. We also 
compare our setup with the one used in physics textbooks. Using the results of Section 0] 
we present the quasi-free KMS system describing a free charged or neutral Klein-Gordon 
field at positive temperature. Note that the conjugation used in the definition of the abelian 
algebra IA corresponds to time reversal in the neutral case and to the composition of time- 
reversal and charge conjugation in the charged case. We show that the KMS system for the 
charged Klein-Gordon field is not stochastically positive, if the chemical potential is unequal 
to zero. The physical reason is that the dynamics of charged particles is only invariant under 
the combination of time reversal and charge conjugation. A non-zero chemical potential 
introduces a disymmetry between particles of positive and negative charge and hence breaks 
time reversal invariance, which itself is a property shared by all stochastically positive KMS 
systems. 

In Section|5]we consider Klein-Gordon fields at positive temperature with spatially cutoff 
interactions in 1 + 1 space-time dimensions. In the neutral case we will treat the P(4>)2 and 
the e a ^2 interactions (the later being also known as the H0egh-Krohn model). In the charged 
case we treat the (gauge invariant) P(Tpip)2 interaction. 

The UV divergences of the interactions are eliminated by Wick ordering, which is dis- 
cussed in some details in Subsections l9.ll and l9.2l As it turns out, the leading order in the UV 
divergences is independent of the temperature. Thus it is a matter of convenience whether 
one uses thermal Wick ordering or Wick ordering w.r.t. the vacuum state. 

The L p -properties of the interactions needed to apply the abstract results of Section [7| 
are shown in Subsections 19 . 31 l9~H and 1531 

Finally, the main results of this paper, namely the construction and description of a 
KMS system representing a Klein-Gordon field at positive temperature with spatially cutoff 
interactions, is given in Subsection l9.6l 

In a forthcoming paper we will consider the translation invariant P{4>)i model at positive 
temperature. Following again ideas of H0egh-Krohn H-Kl , Nelson symmetry will be used 
to establish the existence of the model in the thermodynamic limit. 

Acknowledgments. The second named author was supported under the FP5 TMR pro- 
gram of the European Union by the Marie Curie fellowship HPMF-CT-2000-00881. Both 
authors benefited from the IHP network HPRN-CT-2002-00277 of the European Union. 



2 Real and complex quantum fields 

In this section we present real and complex quantum fields in an abstract framework. Usually 
in the physics literature complex quantum fields are described in the case of Klein-Gordon 
fields. Although the results of this section are probably known, we have not found them in 
the literature. 
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2.1 Notation 



Let X be a real vector space. If X is equipped with a complex structure i, then we will 
denote by (X, i) the complex vector space X. If (X, i) is equipped with a hermitian form 
( . , . ), then we will denote by (X, i, ( . , . )) the Hermitian space X. If it is clear from the 
context which complex or Hermitian structure is used, (X, i) or (X, i, ( . , . )) will simply be 
denoted by X. As a rule the complex structure of a Hermitian space X will be denoted by 
the letter i. Sometimes another 'charge' complex structure appears; it will be denoted by 
the letter j. 

2.2 Real fields 

We start by recalling the formalism of real quantum fields. 
CCR Algebra 

Let (X, a) be a real symplectic space. Let W(X, a) be the (uniquely determined) C*-algebra 
generated by nonzero elements W(x), x e X, satisfying 

W(x 1 )W(x 2 ) = e -i^i-^)n W {x 1 + x 2 ), 
W*(x) = W(-x), W(0) = 1. 

W(X,a) is called the Weyl algebra associated to (X,a). 
Regular representations 

Let H be a Hilbert space. We recall that a representation 

it: W(X, a) 3 W{x) ^ W 7T (x) e U{H) 
is called a regular CCR representation if 

1 1 ► W n (tx) is strongly continuous for any x G X. 
One can then define field operators 



b v {x) := -i^W n (tx) 



, x e x, 

t=0 



which satisfy in the sense of quadratic forms on V((f> 7T (xi)) n X , (0 7I -(x 2 )) the commutation 
relations 

(2.1) [<t>n(xi), (I>x(x2)] = ia(x 1 ,x 2 ), xi, x 2 € X. 

Kahler structures 

Let (X, a) be a real symplectic space and i a complex structure on X. The space (X, i, a) is 
called a Kahler space if 

a(ix\,x 2 ) — — a(xi, ix 2 ) and a(x, ix) is positive definite. 

If (X, i, <t) is a Kahler space, then (X, i, (.,.)) is a Hermitian space for 

(xi,x 2 ) := a(xi,ix 2 ) +ia(xi,x 2 ). 

The typical example of a Kahler space is a Hermitian space (X, i, ( . , . )) with its natural 
complex structure and symplectic form a = Im( . , . ) . 
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Creation and annihilation operators 

If 7r is a regular CCR representation of the Weyl algebra W(X,a), and (X,cr) is equipped 
with a Kahler structure, then the creation and annihilation operators are defined as follows: 

o*(x) := -^=((f) n (x) - i<p n (ix)) , a v (x) := -^={(j> w (x) +i<f>„(ix)). 

Clearly, 

cj)^ (x) = — (a* (x) + a-* (x)) , x e X. 

The operators a%(x) and a^{x) with domain T>((f>n(x)) n P(0 7r (ix)) are closed and satisfy 
canonical commutation relations in the sense of quadratic forms: 

[a OT (xi),a*(x 2 )] = (xi,x 2 )l, [a w (x 2 ), a v (xx)\ = [a* (x 2 ), a*(xi)] =0. 
2.3 Complex fields 

Let (X,j) be a complex vector space. Let us assume that X is equipped with a sesquilinear, 
symmetric non-degenerate form q. If a G L{X) 1 we say that a is isometric (resp. symmetric, 
skew-symmetric) if [a,j] = and q(axi,ax 2 ) = q(xi,x 2 ) (resp. q(axi,x 2 ) = q(xi,ax 2 ), 
q(axi, x 2 ) = — q(xi, ax 2 )). Clearly (X, Imq) is a real symplectic space. The quadratic form q 
is called the charge quadratic form. 

Gauge transformations 

The maps X 3 x i— > e }a x £ X for a € IR are called gauge transformations. They are 
symplectic on (X, Imq) and isometric on (X, q). We have 

(2.2) q(xi,x 2 ) = Imq(xi,jx 2 ) +ilmq(xi,x 2 ). 

Complex fields 

Let now it be a regular CCR representation of %B(X, Imq) on a Hilbert space TL and let </>•„■ (x) 
be the associated field. 

Using the complex structure j, we can define the complex fields 

¥>*-(x) := ^(^(x) + i<^. (jx)), 

with domains 2?(^> ff (x)) fl 2?(0 ff (jx)). The maps X 9 x i— > </2*(x) (resp. x i— > (^(x)) are 
j-linear (resp. j-antilinear) . 

Lemma 2.1 The operators <p\(x) are closed. In the sense of quadratic forms on D((j} n (x))n 
2?(0 ff (jx)) they satisfy the commutation relations 

[ipT T (x 1 ),ip*(x 2 )] = q(xi,x 2 )l, [v3 7r (xi),<^ 7r (x 2 )] = [ip*(xi),(p*(x 2 )] =0. 

Proof. The commutation relations are easily deduced from (|2.1II . Let it € T>(<f> n {x)) (~1 
I?(0 7r (jx)). To prove that <p^(x) is closed, we write 

2||^(x)u|| 2 = ||^(x)u|| 2 + ||<MjxH| 2 - q(x,jx)||u|| 2 . 

This easily implies that (f w (x) is closed. The case of f^{x) is treated similarly. □ 
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2.4 Charge operator 

Definition 2.2 Let (A,j,q) be as in Subsection\^^ and i another complex structure on X. 
Then (X, j, i, q) is called a charged Kahler space if [i, j] = and (X, i, Imq) is a Kahler space. 

Let (A,j,i, q) be a charged Kahler space. Then i is antisymmetric for q, i.e., q(xi,ix2) = 
— q(ixi, X2), and j is antisymmetric for ( . , . ). 
We can introduce the charge operator: 

q := -ij- 

Note that [q, i] = [q,j] = 0, q 2 = 1 and that q is symmetric and isometric both for q 
and ( . , . ). Since i = jq we have e^" = e laq and the gauge transformations x >— > e^x, a £ JR, 
form a unitary group on {X, i, ( . , . )) with infinitesimal generator q. 

The typical example of a charged Kahler space is a Hermitian space (X, i, ( . , . )) with a 
distinguished symmetric operator q such that q 2 = 1. Let us denote by X :— Ker(q =p 11) 
the spaces of positive (resp. negative) charge and by x ± the orthogonal projection of x £ X 
onto X ± . If we set q (£1,2:2) = {x^,x^) — (x^ ,x±), then (X,iq,i,q) is a charged Kahler 
space. Note that X + or X~ may be equal to {0}. 

Using the fact that q is symmetric for ( . , . ) and q, we see that the spaces X ± are 
orthogonal both for ( . , . ) and q. If we set x ± — \(x ± qx), then the map 

U: X -> X+®X- 
x <— > x + © x~ 

is unitary from (X, i, ( . , . )) to (X + , i, ( . , . )) (X~, i, ( . , . )) and isometric from (X, j, q) 
to(X+ ) i ) (.,.))0(X-,-i,-(TO). 

If 7r: W(X, Imq) — + U (H) is a regular CCR representation on a Hilbert space Tt, then we 
can introduce, just as in Subsection 12. 21 creation and annihilation operators 

a* (a;) := — = (<f>^(x) - i0 ff (ix)) , a„(x) := -j= (^(x) + ^(ix)) , 

with domains D((j) v (x)) D T>((fi n (ix)). The maps X 3 x 1— > a*(x) (resp. a 7r (x)) are i-linear 
(resp. i-antilinear). If x = x + + x _ , with x £ X ± , then 

f v {x) = a 7T (x + ) + a* (x _ ) and ip^ (x) = a* (x + ) + a 7r (x _ ). 

Note that this is consistent with fact that the maps X 3 x 1— » ^(x) (resp. x 1— > ^(x)) are 
j-linear (resp. j-antilinear) . 

2.5 Charge conjugation 

Let (X, j, i, q) be a charged Kahler space. Assume that there exists some c £ L(X) such that 

(2.3) c 2 = I, ci = ic, cq = — qc, (xi, CX2) = (cxi, X2), xi, X2 £ X. 

I.e., c is a symmetric involution for ( . , . ), which anticommutes with the charge operator q. 
An operator c satisfying (|2.3|) is called a charge conjugation. Charge conjugations exist in 
charge-symmetric quantum field theories. A charged Kahler space (A", j, i, q, c) equipped with 
a charge conjugation c will be called a charge- symmetric Kahler space. 

It follows from l|2.3|l that q(xi,cx2) = — q(cxi,X2), i.e., c is antisymmetric for q. Since 
cq = — qc, we see that c is a unitary map from (A~, i, (.,.)) to (X + , i, ( . , . )). 
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3 Stochastically positive KMS systems 



In this section we recall the notion of a stochastically positive KMS system due to Klein 
and Landau |KLlj . We prove that stochastically positive KMS systems are invariant under 
time-reversal. 

3.1 KMS systems 

Let $ be a C*-algebra and {r t }t£M a group of * -automorphisms of Let u be a (r, ff)- 
KMS state on i.e., a state such that for each A, B £ $ there exists a function Fa,b(z) 
holomorphic in the strip {z £ C | < Imz < (3} and continuous on its closure such that 

F A , B (t) = u{AT t {B)), F AtB {t + iff) = u(r t (B)A), t e R. 

A triple r, us) such that w is a (t, /3)-KMS state is called a (3- KMS system. 

Let us now recall some standard facts about KMS systems. By the GNS construction, one 
associates to (^, t, a Hilbert space 7i u , a representation 7r w of ^ on 7i w , a unit vector f2 w , 
cyclic for 7r u , and a strongly continuous unitary group {e _lti }t 6 ]ft such that 

u{A) = (^,^(^0^), 7r w (r t (A)) = e itL ^(A)e- itL , Lfi w = 0. 

The KMS condition implies that f2 w is separating for the von Neumann algebra 7Tu($)", i.e., 
AVl u = 0=>j4 = 0forj4e 7r w (-5)". Consequently, the image of 5 under -k u is isomorphic 
to J; it will therefore not be distinguished from Moreover, we will identify an element A 
of # with its image tt^ (A) . 

The sclfadjoint operator L is called the Liouvillean associated to the KMS system t, uj). 
It is the unique selfadjoint operator whose associated unitary group generates the dynamics r 
and such that LQ^ = (see e.g. |LW1 Prop. 2.14]). 

Proposition 3.1 Let $i C 3 be the set of A £ $ such that r:t i— > tj(A) zs C 1 /or i/ie strong 
topology on Bi^Hj). Then S'ifta C 2?(£) is a core for L. 

Proof. Note first that A £ iff A is of class C 1 ^) (see [XBTfl Def. 6.2.2]). Clearly 
is dense in ^ for the strong operator topology. In fact, if A £ then the strong integral 
A t — e _1 J Q e r t (.A)di belongs to 3l and converges strongly to A when e — ► 0. 

Since Sl w is cyclic for this implies that is dense in H u . Moreover, since LQ,^ = 0, 

we have e Biflu — ■Si^u and BiClui C T>(L). Thus Nelson's theorem implies that is 
a core for L. 

Euclidean Green's functions 

Let 

(3.1) Ip + := {(zi, ...,z n )£<C n \ Imzj < ImZj+i, Imz n - Imzi < ff). 

It follows from a result of Araki |ArlllAr2] that, for A\, . . . , A n £ J, the Green's function 

n 

G(ti, ...,t n ;A u ..., A n ) := w(Q T ti (Ai)) 

i 

extends to an holomorphic function in continuous on . In particular, one can 

uniquely define the Euclidean Green's functions 

E G(si, . . . ,s„; A x , . . ..An) := G(is\, . . . ,is n ;A\, . . - ,A n ) 

for all (s\, . . . , s n ) such that si < ••• < s n and s n — si < (3. The correct way to view 
such an n-tuple (si,...,s„) is as an n-tuplc of points on the circle of length /3, ordered 
counter-clockwise. 
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3.2 Stochastically positive KMS systems 

In |KL1| Klein and Landau introduced a class of KMS systems which they called stochastically 
positive KMS systems. To a stochastically positive KMS system one can associate a (unique 
up to equivalence) generalized path space (Q, E, So, U (t), R, jj) (see Section 5) which has some 
special properties, the most important being the /3-periodicity in t and the Osterwalder- 
Schrader (OS) -positivity. 

Conversely Klein and Landau have shown in |KL1| that to a generalized path space satis- 
fying the properties in Definition 5.1 one can associate a (unique up to unitary equivalence) 
stochastically positive KMS system. This is an example of a reconstruction theorem] similar 
results are well-known in Euclidean QFT. A reconstruction theorem allowing to go from 
Euclidean Green's functions to a KMS system has recently been proved in a general context 
by Birke and Frohlich in |BF| . 

The advantage of the Klein and Landau formalism is that it is relatively easy to perturb 
the stochastic process associated to a KMS system, using functional integral methods. 

Definition 3.2 Let (5, t, to) be a KMS system and il C $ an abelian * -subalgebra. The KMS 
system ($,Hl,T,ui) is called stochastically positive if 

(i) the C* -algebra generated by lJ t6]R Tt(il) is equal to 

(ii) the Euclidean Green's functions E G(si, . . . , s„; Ai, . . . , A n ) are positive for all 
j4i, . . . , A n € il + = {A G il | A > 0} and for all (s±, . . . , s n ) such that si < 
■ ■ ■ < s n and s n — s% < (3. 

It is often more convenient to consider instead of the C* -algebras # and il their weak closures 
in the GNS representation, which we denote by $ and il. We denote by r the group {ft}teM 
of * -automorphisms of $ defined by Tt(A) := e ltL Ae~ ltL . The state ui extends to $ by setting 
lj(A) := (il w , 7r w (A)f7 w ). The following fact has been shown in |KL1I Prop. 3.4]. 

Proposition 3.3 Let (S'jil, r, uj) be a stochastically positive KMS system. Then (5,il, r, uj) 
is also a stochastically positive KMS system (in the W* -sense). I.e., 

(i) the W* -algebra generated by IJteiR r t(^) * s e Q ua ^ t° ■&> 

(ii) the Euclidean Green's functions E G(si, . . . , s n ; A\, . . . , A n ) are positive for all 
A\, . . . , A n G il + and for all n-tuples (si, . . . , s n ) such that s\ < ■ ■ ■ < s n and 

Sn - Si < /3. 

Now we show that stochastically positive KMS systems are invariant under time reversal, a 
fact that is well known for 0-temperature field theories (see for example |Sil| ). 

Proposition 3.4 Let (5, il, r, ui) be a stochastically positive KMS system. Then there exists 
an anti-unitary involution T on Ti^ such that 

(i) TgT- 1 = TAT- 1 = A* for A G U; 

(ii) ™ w = Tr t (A) = T—t (A)T for At te JR. 

From the properties of T we see that T implements the time reversal transformation. 

Proof. Let A\,A% G it. The map z i— > u>(AiTt(A2))\t=i Z is holomorphic in {0 < Rez < f3}. 
By stochastic positivity it is real on {Imz = 0} if Ai — A*. The Schwarz's reflection principle 
implies 

w(-AiT t (i4 2 )) |t=ste = u>{A lT t{A 2 ))\ t=iM for A t G il, A t = A*. 
For z ^ —it this yields 

(3.2) u(A lTt (A 2 )) = u(A lT -t{A 2 )) = u(T- f (A 2 )A 1 ) for A, G il, A, = A*. 
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By C-linearity this identity extends to all Ai E it. We can now define the antilinear operator 

n n 

(3.3) / ' .1,<L w^e-^^'n,,. 

For it = £" =1 e'^A,^ identity fHU implies 

Nl 2 = (E"=i ^^j^.ELi e itfc M fc ^) 

= E^^e^^M^) =^2 jtk u;(A*T tk - tj (A k )) 

= Em w K-**( A *) A j) =2^(0;,^*-^^) 

= Ei.fcCe-^^fcfiw.e- 1 *^^^) = ||T U || 2 . 

Thus T is a well defined antilinear operator. Moreover, using property (i) of Definition 13.21 
and the fact that f2 w is cyclic for J, we conclude that T has a dense domain and a dense 
range. Hence T extends uniquely to an anti-unitary operator. Clearly T is an involution. 
The other properties of T follow directly from (|3.3|l . □ 



4 Quasi-free KMS states 

In this section we recall some well-known facts about quasi-free KMS states and describe 
a class of quasi-free KMS states which generate stochastically positive KMS systems (see 



4.1 Quasi-free KMS states 

Let Xq be a pre-Hilbert space, X the completion of Xq. Then (Xq,ct) is a real symplectic 
space for a — Im( . , . ), and we denote by W(X Q ) the Weyl algebra W(Xq, a). Let a > be 
a selfadjoint operator on X such that Xq C T>(&~^) and e _1 * a preserves Xq. Given a > the 
canonical choice for Xq is 2?(a _ s). 

For j3 > one defines a state uip on W(Xq) by the functional 

(4.1) wp(W(x)) := e -i {x + 1+2p)x \ x G X Q , 

where p := (e^ a — 1) _1 . Since 1 + 2p = i+°_^ a and a > the form domain of 1 + 2p is equal 
to D(a"2) d Xq. 

The state top is a (r°,/3)-KMS state for the dynamics r°:t i— > r° defined by 

r t °: 2U(X ) - 2XJ(X ) 
W(a;) i-> Vy(e ita x). 

The state is quasi-free (see [BR]) and the KMS system (W(X ),t° ,uip) defined above is 
called the quasi-free KMS system associated to a. 

The standard example is the following one: let h > be a selfadjoint operator representing 
the one particle energy. Assume that there exists a selfadjoint operator gonl representing 
the one particle charge such that q 2 = 1, [h, q] = 0. Then we can associate a group of gauge 
transformations {at}te[o,27r[> 

a t : 2XJ(A ) - 2XJ(X ) 
W(x) i-> W(e W9 a;), 

to the charge operator q. Let /i G H such that h — pq > A > 0. Thus the range for the value of 
the chemical potential p, which we consider, excludes Bose-Einstein condensation. It follows 
that a := h — pq > and hence Xq — 2?(a~2) — X. Therefore the unique quasi- free KMS 
state on W(X) at inverse temperature (3 and chemical potential p is the state cup defined by 
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4.2 Araki- Woods representation 

Let us consider a quasi-free KMS system associated to a selfadjoint operator a as in Subsec- 
tion ^2 Let X be the conjugate Hilbert space to X. Elements of X will be denoted by x. 
Equivalently, we denote byl9iHi5£l the identity operator, which is antilincar. If a is 
a linear operator on X, we denote by a the linear operator on X defined by if f) 

is a Hilbert space, then 

+00 

denotes the bosonic Fock space over fj. 

We set: 

H u :=V{X®X), 

:= fi, 

W u ,i(x) := W F ((1+ p)ix<Bpix), x e X , 
W U!l (x) := W F (p^x® (l + p)ix), x e X , 

where Wf(-) denotes the Fock space Weyl operator on T(X ®X) and f2 G r(X©X) denotes 
the Fock vacuum. 

The following facts are well known: 

(i) The map W(x) 1— > W^, i/ r (x) € U(H U ) defines a regular CCR representations; 

(ii) \W Ull {x),W u , t (y)] = Ofor xje A ; 

(iii) (fi w , W w ,i(iB)nu,) = w(W(x)) for s e A ; 

(iv) Let L := dr(a -a) act on H w . Then 

e- itL ^ - e^W^j^e^ = W„,i(e ita x), x e X ; 

(v) The vector 17 is cyclic for the representations W w u T (.). 

In particular, the Araki- Woods representation is the GNS representation for the KMS system 
(W(X, a),T°, w) and L is the associated Liouvillean. 

We will only consider the left Araki- Woods representation, thus will forget the subscript 
1 and write W bJ (x) := W LO i(x), x <E X. The creation-annihilation operators associated to 
W u (.)fxe 

a* (a;) = a* F ((l + p)ix ® 0) + a F (0 ® ~p*x), 
a u {x) = a F ((l + p)?x®0) + a* F (0®p?x). 

4.3 Field algebras 

We recall that a conjugation on a Hilbert space X is an anti-unitary involution on X. Let 
us assume that X is equipped with a conjugation k. To k we associate the real vector 
space X K := {x 6 X \ kx = x}. Let cj be the quasi- free state associated to a selfadjoint 
operator a, as defined in Subsection 14.11 and let Ti^ be the Araki- Woods space introduced 
in Subsection 14.21 

We will denote by W C B(TC U ) the field algebra, i.e., the von Neumann algebra generated 
by the {W w (x) | x G X} and by W K C BiTi^) the von Neumann algebra generated by 
{W u {x) I a; € Since the symplectic form a vanishes on X K , the algebra W K is abelian. 

Lemma 4.1 Assume that a = h — [iq, where h and q are selfadjoint operators such that 
[h, q] = 0, q 2 = 1, h > m > and |/Lt| < m. Le£ k be a conjugation on X such that [h, k] = 0. 
XTien W is the von Neumann algebra generated by {e ltL Ae~ ltL \ t S H, ^4 S 
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Proof. Clearly {e UL Ae~ itL | t £ JR, A £ W K } C W, so it suffices to prove the converse 
inclusion. Using the CCR, the facts that (1 + p)* and p? are bounded, and the fact that 
the map 

X ®JC 3 Xl ®x5^ W F {xx ®m) £ Bin,,) 
is continuous for the strong topology, it suffices to verify that 

(4.2) E = Vectjaiy^-^a!, t£jR, x£ X K } is dense in X. 

Clearly E contains X K , and by differentiating with respect to t, we see that E contains also 
{i(h — pq)x | x £ X K n 2?(h)}. We now claim that for each x £ X there exists x\ £ X K and 
x 2 £ X K (~] D(h) such that 

x = X\ + i(h — pq)x2- 

This will imply l|4.2[l . In fact, the IR- linear map r = ^/z(?h _1 (l— k) has norm less than I^to^ 1 < 
1, so for x £ X we can find y £ X such that y — ry = x. If x± = ^(y + ivy) and x 2 — 
i(ih) _1 (y — ny), then both are elements of X K , since [h, k] = 0. Now 

a;i + i(h - pq)x 2 = y— -pqh^ 1 (y — ny) = y - ry = xD. 
4.4 Observable algebras 

The gauge transformations a t on 2U(Xo, cr) can be unitarily implemented in the Araki- Woods 
representation: 

at(W u (x)) =j tQ W u (x)e- itQ , 

where Q := dr(o -q). 

We denote by „4 the observable algebra 

A := {A £ W | e itQ Ae" itQ — A, t £ [0, 2tt[} 

and by A K the abelian observable algebra A K := .An W K . 

Lemma 4.2 Assume that h > to > and \p\ < to. Lei n be a conjugation on X such that 
[h, k] = 0. TTien A is the von Neumann algebra generated by {e ltL Ae~ ltL | t £ IR, A £ A K }. 

Proof. Clearly e itL Ae~ itL G A, if A G -A«, since [X, Q] = 0. Conversely, let A e A By 
Lemma l4~Tl there exists a net {Ai}i e / in the algebra generated by {e ltL Ae~ ltL , t £ IR, A £ A K } 
such that A = s-lim A,. For i? G B(H U ), let i? av := (27T)- 1 e^Re^dt be the average 
of R with respect to the gauge group. Then by dominated convergence s- lim Af = A av = A. 
Since [L, Q] = 0, we have (e i * L i?e~ i * L ) av = e i * i i? av e~ i * 1 ', which implies the lemma □. 

Lemma 4.3 We have _4fL = {u £H LU \ Qu = 0}. 

Proof. Since QVL U — we have AO, u C KerQ. Let now u £ KerQ. If {Ai £ W}iei is a net 
such that lim AiQ^ = u, then 

u=—f e itQ udt = Km— [ e itQ A.e'^n^ dt = lim A av ^, 

27T 7 27T 7 «— oo 

which proves the lemma since Af v £ A □. 
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4.5 Stochastic positivity 

In this subsection we give a criterion for the stochastic positivity of a quasi-free KMS system. 
The following lemma is due to Klein and Landau |KL2| . 

Lemma 4.4 Let a > be a selfadjoint operator on a Hilbert space X . Let 1R 3 s — > r(s) £ 
B{X) be the (3-periodic operator-valued function defined by 

_-sa , g(s-/3)a 

K*)= i_ e -/3a .0<«<£ 
Then, for Xj € X and Sj € H, one /ias 

yj(gj,r(aj - Sj)^-) > 0. 

Proof. Using the spectral decomposition of a, we can assume that i, € C and a > is a 
positive real number. Hence it is sufficient to verify that r(s) is a distribution of positive 
type. But this follows from Bochner's theorem and the fact that the Fourier transform of r 
is E„ e z r n S(. - 2w/n), where r n = ^ +{ £ n/f3) 2 > □. 

Theorem 4.5 Let X be a Hilbert space equipped with a conjugation k and a > m > a 
selfadjoint operator on X such that [a, k] = 0. Let X K C X be the real vector space associated 
to K. 

Let (W,t°,uj) be the quasi-free KMS system associated to a and let W K C W be the 
abelian von Neumann algebra generated by {W u (x) \ x £ X K }. Then the KMS system 
(W, W re , t°, cj) is stochastically positive. 

Proof. We start by computing the Euclidean Green's functions. Using the CCR we get, for 
Xj £ X and 1 < j < n, 

n n 

II%)= II e-t'^Wfcxi). 

1 l<i<j<n 1 

We denote by 

n 

G(h, ...,t n ; W{xx), W(x n )) = cj(Y[ Wie^^xj)) 

3 = 1 

the Green's functions for the Weyl operators W(xj), 1 < j < n. Now 
G(h,...,t n ;W(x 1 ),...,W(x n )) 

l<2<j<n 

= n™ e_ ^ (a;i ' (1+2p):i;s) n e -i R ^- u ^ x " x i\ 

where 

R(t)(x, y) = (a;, (1 - e"^)" 1 ^*^) + (y, e~^(l - e~" a )- V ta a:) . 

For x,y £ X the function t i— > R(t)(x,y) has an holomorphic extension to < Imz < /? 
such that the function (f i, . . . , t n ) i— > . . . , t„; PU(xi), . . . , lU(a: n )) is holomorphic in the 

set Ip + defined in l|3.1fl and continuous on L^ + with holomorphic extension 

n 

1 l<i<j<n 
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Hence the euclidean Green's functions 

n 

E G(s l7 s n ; W( Xl ), W(x n )) = JJe-l^ )^"*^ J[ e ~ c ^~ s ^ x >^\ 

1 l<i<j<n 

where 

C(s)(x,y) := ±(x, (1 - e^y'e^y) + ±(y, (1 - e^)- V^> a x) . 
Using the fact that k& = an we get 

nt \t l ( e_sa + e(s_/3)a A c 

^{s){x,y) = -{x, — _ a — j/J, for a?,y € A K . 
Thus, for Xj G A K and 1 < j < n, 

(4.3) E G(s 1 ,...,s n ;W(x 1 ),...,W(x n ))= TJ e^d^lX^). 

We will now prove the stochastic positivity. We will use the Araki- Woods representation 
described in Subsection 14.21 The operators of the form F[^> w (xx), . . . , 4>u(x n )) for Xi G X K 
and F e C^(JR n ) (resp. F G C^QR") and F > 0) are strongly dense in W K (resp. in W+). 
We have to show that if (si, . . . , s n ) is a n-tuple such that Si < • • • < s n and s„ — sj < /3, 
and G W+, then 

(4.4) ' E G(s 1 ,...,s n ;A 1 ,...,A n )>0. 

By KL1. Thin. 2.2] and a density argument it suffices to prove 1)4.4(1 for .4, of the form given 
above. 

Let now m G IN, m > 1, fej G IN with fcj > 1 for 1 < i < n and fej = m, h := 
Ej<i-i **• For t = (ti, . . . , t m ) G H m , xi, . . . , x m G X K , and F< G Cg°(IR fe< ) with F,>0we 
set tj = (£/ i7 . . . , G IR * and take 

Ai= F l {(j) UJ {x h ),...,(f> UJ {x h+l )) 

= (27r)- fe - / Pi (t h t li+1 )w u t jXJ ) dt u . . . dt h+1 . 

Now set fi(U) = Y^\' +1 tj x j- K follows that 
E G(si, . . .,a n ;At, . . ■ ,A n ) 
= (^)~ m I 111 dti F t (U)G{i8i, . . • ,is n ; W(h(h)), . . . , W(f n (i n ))). 
We recall that by g3J 

E G( Sl , . . . , Sn ; W(/i(ti)), . . . , W{Ui n ))) = J] e-i^l^^D^^)^^)) =: e-^-K 

l<i,j<n 

where Q(ti, . . . , t m ) is a quadratic form. Applying Lemma l4~4l we see that Q is a positive 
quadratic form, and hence the inverse Fourier transform (e"^'"') is a positive function. 
This implies that 

B G(s u ...,s n ;A u ...,A n ) = (F 1 ®---®F n )*f- 1 ( e - Q )(0) 

is positive as the value at of the convolution of two positive functions □. 
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4.6 Markov property 

In this subsection we show a result which implies that the generalized path space associated 
to the quasi- free KMS system (W, W K , t°, considered in Subsection 14. II has the Markov 
property (see Subsection 16. 5|) . 

Lemma 4.6 Lei X be a Hilbert space equipped with a conjugation n and a > m > a 
selfadjoint operator on X such that [a, k] — 0. Let X K d X be the real vector space associated 
to K. 

Let (W(X),t° ,u>) be the quasi-free KMS system associated to a and let W K C W be the 
abelian von Neumann algebra generated by {W UJ (x) \ x € X K }. Let (7i w , L, be the Araki- 
Woods objects defined in Subsection \4-S\ Then the space {Ae~? L Bfl, A,Be W k } is dense 
in Hui- 

Proof. The function 

= W F ( ( 1 + p) s e ita y 8 (p) 3 e- ita t/) 

_ e iaF((l+P)5<= ita a©(p)io-"-j?) e _i(j / ,(l + 2p)y)^ w 

is analytic in {0 < Imz < f } and continuous on {0 < Imz < §}, and 

e-^W^Ky)^ =e i ^( (1+rt ' e ^ a/2yffi ®^^)e-3(^(i+ 2 P)^)n w 
= W w , r (y)n w . 

Hence, for A = and £? = W u ,i(y), one has 

(4.5) Ae~% L Btt = W W| i(x)W r u ,r(tf)n = + p)*x®JSX)W P (p*v (1 + p)' 

Let VW be the von Neumann algebra generated by {W^^ie), W^.rCj/) I V G -X*}- By (|4.5|) 
the von Neumann algebra generated by {V^F((l + p) 2 ^ + P 3 y©P 5 £ + (l + p) 2 I/) | x,y £ X K } 
is equal to .M. Since [a, k] = 0, the operator 



(l+p)3 P 2 

p3 (1+p)^ 



x®x -^x®x 



sends X K © X K into itself. It is invcrtible with inverse 



(1 + P) 2 -P 2 ] 

-p3 (l + p)5 

Thus A"! is equal to the von Neumann algebra generated by {Wp(x (By), x, y £ X K }. It is 
well known that if t) is a Hilbert space and c is a conjugation on f), then the vacuum vector 
is cyclic in the Fock space r(fj) for the algebra generated by {fff(/i) \ ch = h} (see e.g. |DGI 
Sect. 5.2] and references therein). We apply this result to t) = X ® X, c = ft 0k and obtain 
the lemma. □ 



5 Generalized path spaces 

In | KL1 | a canonical isomorphism is constructed between a stochastically positive /3-KMS 
system (W,W re ,r° ,w) and a /3-periodic stochastic process (Q,T,, p,X t ) indexed by the cir- 
cle of length 0, with values in the compact Hausdorff space K = Sp (W K ), the spectrum 
ofW K . 
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We recall that a stochastic process (Q, £, pL, X t ) indexed by an interval I C H with values 
in a topological space K consists of 

(i) a probability space (Q, E, fx); 

(ii) a family {X t }tei of measurable functions X t : Q — > if. 
Typically it is required that the map / G t 1— * X t is continuous in measure. 

The stochastic process (Q, £, /i, Jft) associated to a stochastically positive /3-KMS sys- 
tem in | KLlj satisfies four important properties: stationarity, symmetry, f3- periodicity and 
Osterwalder-Schrader positivity (see KLlJ Sect. 4]). 

It turns out that the only really important feature of such a stochastic process is the 
underlying generalized path space, which consists of the sub cr-algebra Eo generated by the 
functions F(Xo) for F £ C(K), the automorphism group U(t) of L°°(Q, £,/x) generated by 
the time translations U{t): F(X H , . . . , X u ) h-> F(X tl+t) . . . , X tn+t ) for F £ C(if") and the 
automorphism i? of L°°(Q, E, /i) generated by i?: F(Xt 1 , ■ ■ ■ , -Xt t ) i— > , . . . , X-t n ). 

In particular the detailed knowledge of the random variables X t and of the topological 
space K is not necessary. 

(Note that time translations on the path space will correspond to imaginary time trans- 
lations on the physical Hilbert space). 

The analog of the constructions of jKLl| for (3 — oo done by Klein in |K] is formulated 
in terms of generalized path spaces. Using this essentially equivalent formulation turns out 
to be more convenient in applications. We now proceed to a more precise description of this 
structure, taken from jKLlj and [K] , 

If Hj, for i in an index set I, is a family of subsets of a set Q, we denote by Vie/ ^ ne 
er-algebra generated by {J ieJ Ui, where Ui £ and J are countable subsets of I. 

Definition 5.1 A generalized path space (Q, E, Eo, U(t), R, /u) consists of 

(i) a probability space (Q,E,/i); 

(ii) a distinguished sub a -algebra Eo; 

(iii) a one-parameter group IR 3 t U(t) of measure preserving * -automorphisms 
of L°°{Q,Y>, n), which is strongly continuous in measure; 

(iv) a measure preserving * -automorphism R of L°°(Q, E, /x) smc/i t/iai RU(t) — 
U(—t)R, R 2 — 1, -R-Eo = w here Eq is the conditional expectation w.r.t. 
the a -algebra Eo- 

Moreover one requires that 

(v) E = V teIR ,t/(<)E . 

It follows from (iii) and (iv) that /7(f) extends to a strongly continuous group of isometries 
of L P (Q, E, fi), and i? extends to an isometry of L P (Q, E, /x), for 1 < p < cxd. 

We say that the path space (Q, E, E , U(t), R, fx) is (3-periodic for /3 > if U ((3) = 1. On 
a /^-periodic path space we can consider the one-parameter group U (t) as indexed by the 
circle Sf, = [-0/2, 0/2]. 

For I C IR we denote by Ej the conditional expectation with respect to the cr-algebra 
E/ :=\/ teI U{t)E . 

Definition 5.2 (O-temperature case): A path space (Q, E, Eo, U(t), R, fi) is OS-positive if 
E[o,+co[RE[ +00 [ > as an operator on L 2 (Q,H, ii). 

(Positive temperature case:) A (3-periodic path space (Q, E, Eo, U(t), R, /i) is OS-positive 
if EtQ t p/2]RF\jjj 3 / 2 ] > as an operator on L 2 (Q,E,/i). 

In order to For simplify the notation we set Eq = E{ y, E + = E[ 0-+oo [, E + = F[o,+oo[) 
E_ = Ej^oc q] an d E- = Si—oo oi- If the path space (Q, E, Eo, U(t), R, fi) is /3-periodic, we 
set E + = £[0,0/2]) E + = E [o,p/2]i £_ = E[-/3/2,o] an d E- = S[_ j g/ 2 ,Q]< 
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Definition 5.3 A path space (Q, S, So, U(t), R, fi) is a Markov path space if it has the 

(i) reflection property: RE = E Q (resp. RE {0t/3 / 2} = E {Q ^ /2} ); 

(ii) Markov property: E+E- = E + E E- (resp. E + E_ = E + E {(ip / 2} E^). 

It follows that E+RE+ = E_E+ = E+E_ = E (resp. E+RE+ = E_E+ = E+E_ = 

E {0,P/2}) ■ 

A Markov path space is OS-positive because E (resp. -E{o,/3/2}) is positive as an orthonormal 
projection. An OS-positive path space satisfies the reflection property (see [KJ Prop. 1.6]). 

Let (FfU, t, u) be a stochastically positive /3-KMS system. Let K := Sp(U) be the 
spectrum of the abelian C*-algebra U, which equipped with the weak topology is a compact 
Hausdorff space. Let Q := if! - ' 3 / 2 '' 3 / 2 ] be equipped with the product topology and let S be 
the Baire er-algebra on Q. 

Theorem 5.4 |KL1| . Let (J-,U,t,lu) be a stochastically positive (3-KMS system. Then 
there exists a Baire probability measure fx onQ, a sub a -algebra So C E, a measure preserving 
group U(t) of * -automorphisms of L°°(Q,Tt, fi) and a measure preserving automorphism R 
of L°°(Q, S, /x) such that {Q, S, So, U(t), R, jj) is an OS-positive (3-periodic generalized path 
space. 

A more precise relationship between the /3-KMS system and the generalized path space will 
be given in Theorem 16. 71 



6 Reconstruction theorems 

In this section we recall reconstruction theorems of Klein [K] and Klein and Landau |KL1| 
which associate a stochastically positive /3-KMS system to an OS-positive generalized path 
space (Q, S, So, U (t), R, fx). 

To simplify notation, we allow the parameter j3 to take values in ]Q, +oo]. The case (3 — 
+oo corresponds to the O-temperature case. If (3 < oo, then the OS-positive path spaces will 
be assumed to be /3-periodic. 



6.1 Physical Hilbert space 

Set Tios '■= L 2 {Q, S + , li) and 

(F,G) := / R(F)GdLi, F,GeH OS - 

Jq 

By OS-positivity 

Q<(F,F)<\\Ff Hos . 

If we set M :— KcrE + RE + , then (•, •) is a positive definite sesquilinear form on Hos/N. 
The physical Hilbert space, denoted by 7i p hy S (or simply by TL) is 

H := completion of Tios /A/" for (•,•)• 

If we denote by V:7ios — * Hos/A/" the canonical projection, then V extends uniquely to a 
contraction with dense range: Wos — > H. In fact 

(VF,VF) = (F,F) < \\F\\ 2 nos . 

In the physical Hilbert space TL we find a distinguished vector: 

Cl :=V(1). 
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6.2 Selfadjoint operator 
The O-temperature case 

Proposition 6.1 jK] Thm. 1.7]. Let (Q, E, Eo, U(i), R, fi) be an OS-positive generalized 

path space. For t > the time evolution U(t) maps Af — > Af . Hence the linear operator 

P(t):Ti OS /Af 3 V(F) ^ V(U(t)F) £ Ti OS /Af 

is well defined for t > 0. 

The family {P(t)} t >o uniquely extends to a strongly continuous selfadjoint semigroup of 
contractions {e~ tH }t>o on Ti, where H is a positive selfadjoint operator such that Hil = 0. 

The positive temperature case 

We first recall the definition of a local symmetric semigroup ( |KL3j . |Frlp : 

Definition 6.2 Let Ti be a Hilbert space and T > . A local symmetric semigroup (P(t),T> t ,T) 
is a family {P(t), T^t}te[o,T] of linear operators P(t) and vector subspaces T> t ofTL such that 

(i) Do = Ti, T> t D T> s ifO<t<s<T and T> = Uo<t<T-D* is dense in Ti; 

(ii) P(t):T> t — > Ti is a symmetric linear operator with P(0) = 1, P(s)T> t C "Dt—s 
forO<s<t<T and P(t)P(s) = P(t + s) on V t+S for t,s,t + s£ [0, T] . 

(iii) t i — ► P(t) is weakly continuous, i.e., for u £ T> s and < t < s the map 
1 i— ► (u, P(t)u) is continuous. 

The following theorem was shown in [KL3j and |FrT] . 

Theorem 6.3 Let (P(i), 2? t , T) be a local symmetric semigroup on Ti. Then there exists a 
unique selfadjoint operator L on Ti such that 

(i) I> t C V(e- tL ), ej^f = P(t) for0<t< T; 

(ii) P]o,T'] := U <t<T' U 0<s <t P(s)V t is a core for L for < T < T. 

Proposition 6.4 KL1 I Lemma 8.3]. Let (Q, E, So, U(t), R, fj) be a (3-periodic OS-positive 
path space. Set Ait '■= L 2 (Q, Ero^/a-tli n) forQ < t < f3/2. Then 

(i) U{s):M t flJV -> A4j_ s nTV /or < s < t < (3/2. If D t := V{M t ), then the 
linear operator 

P(s): V t -► V t _ s , 
V(F) i ► V(J7(s)F) 

is well defined; 

(ii) (P(t),T>t,j3/2) is a local symmetric semigroup. 

By Theorem \6.!J\ there exists a unique selfadjoint operator L such that P(t)m t = e~ tL . More- 
over Lfl — 0. 

6.3 Algebras of operators 
Abelian C* -algebra U 

Let / £ L°°(Q, Eo, fj). Since Eo C E+, / acts as a multiplication operator on Tios, which 
we will still denoted by /. 

Proposition 6.5 KL1 Lemma 2.2]. For f £ L°°(Q, Eo, /x) the multiplication operator f 
preserves Af. Hence 

fV(F) := V(/P) 
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defines a unique element of B{TL) with \\f\\ = ||/||oo- Let U C B{TL) be defined by 

W:={/|/e£°°(Q,W)}- 

Then hi is a von Neumann algebra isomorphic to L°°(Q, So, fJ.) and Q is a separating vector 
forU. 

We will denote by hi + the set of positive elements in hi. 
Full algebra T and automorphism group 

Definition 6.6 Let T C B(H) denote the von Neumann algebra generated by {e ltH Ae~ ltH \ 
A € U,t G TR} for [3 = oo (resp. {e itL Ae~ itL \ A G U, t G H} for (3 < oo). We de- 
note by {rt}teM the strongly continuous group of automorphisms of T defined by Tt(B) = 
c itH Bc -itH f or b e T, t e M and /3 = oo (resp. r t {B) = e itL Be- itL for B G T, t G H and 
(3 < oo). 

6.4 /3-KMS system associated to a /3-periodic path space 

In case (3 < oo one can associate to a /3-periodic OS positive path space a stochastically 
positive /3-KMS system (see [KLlp . (The analog object in case (3 — oo is called a positive 
semigroup structure [IP). Let, for n G IN and j3 > 0, 

J£+ := {fa, . . . ,t n ) G M n | U > 0, ti + ■ ■ ■ + t n < 13/2}. 

Theorem 6.7 |KL1| . Let L be the selfadjoint operator associated to the local symmetric 
semigroup (P(t),T>t,j3/2). Lt follows that 

(i) n G V(L) and LQ = 0; 

(ii) ifneTN, (*!,...,*„) G J™+ andA 1 ,...,A n eU, then Aftln-i e-*'M,-)n G 
D(e~ tnL ). The vector span of these vectors is dense in Ti.; 

(iii) if A, ...,/„ G £°°(Q, So, M) ^ < ei < ■ ■ ■ < s n < (3/2, then 

n n 

V(U u ( s i)fj) = e- sli /i(n e " (s '" S3 '- l}i /i)^ 

1 2 

where fj is defined in Provosition \6.5l 

(iv) if n G IN, (ii, . . . ,t n ) G J| + and Ai,... , A n , Bi,... ,B n G W + , i/ien 

i i 
(A n (J]e- t ^ J 4,)n,S n (J]e- t ^)0) > 0; 

n— 1 n— 1 

(v) ||e-"/ 2i Afi|| = \\A*Q\\ for all AeU. 

Theorem 6.8 |KL1| . Let wq, be the state on T defined by u)q(B) = (Q, BQ). Then 
{T, U, t, u>n) is a stochastically positive (3-KMS system. 

Finally let J be the modular conjugation associated to the KMS system (J 7 , r, ojq). 
Proposition 6.9 jKLlj . The modular conjugation J is the unique extension of 

(6.1) JV{F) = V(R m F), 
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where 

R p/4 : = U(/3/4)RU(-P/4) = RU(-p/2) = U(fi/2)R 
is the reflection att = p/A in Tios- 

6.5 Markov property for /3-periodic path spaces 

We recall a characterization of the Markov property for a /3-periodic path space in terms of 
the associated stochastically positive /3-KMS system due to Klein and Landau KL1 . 

Theorem 6.10 A P-periodic OS-positive path space (Q, E, Eo, U(t), R, /i) satisfies the Mar- 
kov property iff the vectors Ae~ z L BQ, for A,BeU are dense in 7i. In this case 

H = L 2 (Q, E{ ,/3/2}, M)- 

Proof. The first statement of the theorem is shown in |KL11 Thm. 11.2]. The second 
statement is obvious: it follows from the Markov property that E[ O I 3/2]RE[o,f3/2] — ^{o,/3/2} is 
a projection, hence Tios/N is canonically identified with -E{o,/3/2} Wos = L 2 {Q, E{ ,,3/2}, A 1 )- 

Theorem 6.11 Let (W, W K , r°, wp) be the quasi-free KMS system associated to a selfad- 
joint operator a > and a conjugation k with [a, k] = 0. Then the OS-positive generalized 
path space (Q, E, Eo, U{t), R, /i) associated to (W(X), W K {X), r°, up) satisfies the Markov 
property. 

Proof. Stochastic positivity of the quasi-free KMS system (W, W K , r°, ojp) was shown in 
Theorem 4.5. The Markov property follows from Lemma 4.6 and Theorem 6.10 □. 

7 Perturbations of generalized path spaces 

In this section we recall some results concerning perturbations of OS-positive path spaces. 
7.1 FKN kernels 

Let (Q, E, Eo, U(t),R, fj,) be an OS-positive path space. 

Definition 7.1 A Feynman-Kac-Nelson (FKN) kernel is a family {F[ a of real measurable 
functions on (Q, E, /i) such that, for < b — a < P, 

(i) F [a,b] > n-a.e.; 

(ii) F[ a ,b] S L l {Q,Y*, fi) and i^Lw is continuous mL 1 (Q,E,/i) as a function ofb; 
(hi) Fla.b]F [b ^ c] = F[a iC ] for a < b < c, c - a < P; 

(iv) U(s)F[ ayb ] = F [a+s , b+s] for s E M; 

(v) RF [a , b] = F[_ 6) _ ]. 

The main examples of FKN kernels are those associated to a selfadjoint operator V 
affiliated to U. In KL1 and [21 perturbations associated to more general FKN kernels are 
considered. However, the present case is sufficient for our applications. 

Let V be a selfadjoint operator affiliated to U. Since by Proposition 6.5 the algebra U is 
isomorphic to L°°(Q, Eo, /i), we can uniquely associate to V a real function on Q, measurable 
with respect to Eo, which we will still denote by V . 

Proposition 7.2 Let (Q, E, Eo, U (t), i?, fj,) be a P-periodic OS-positive path space and let V 
be a selfadjoint operator affiliated to U such that V S L 1 {Q 1 Eo, fi), and e~ TV E L 1 {Q 1 So, fj,) 
for some T > if P — oo or e~@ v E L 1 (Q, Eq, ii) if P < oo. Then 
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(i) the family of functions F\ a w :— e X> u ^ vdt j or Q < b — a < inf(T,/3)/2 is a 
FKN kernel; 

(ii) Fm a ] € L 2 {Q, ^[o,s]i m) / or < s < inf(T,/3)/2 and i/ie m,ap s i— * -F[o, s l * s 
continuous in L 2 (Q, S[o, l g/2], A*)- 

Proof. All properties required in Definition 17.11 except from property (ii) follow directly 
from the definition of [/(£) and the properties of the path space (Q, S, Eq, U(t), R, fx). Let 
us now verify (ii). Writing V = V+ — V-, where V± is the positive/negative part of V, 
we have F[ 0) &] < exp(/ Q 6 J7(i)V_dt), and hence Fjp , < exp(2 J^ 2 U(t)V-dt) . Since /i is a 

probability measure, we have V-, e° v ~ € L X (Q, So, We recall the following bound from 
|KL4l Thm. 6.2 (i)]: 

(7-1) ||e-/> (t)Vdi || WW , E , M) < lle-^-^IU,^), l<p<oo. 

This yields 

l|ifo,.]ll^(g,=,/.) < lle'^'^^-^IU^Q,^) < He^iUxcQ,^) < oo. 

Hence i*jo,a] € L 2 (Q, E[o,/3/2], A*) for < s < inf (T, /3)/2. The continuity w.r.t. to s follows 
from the dominated convergence theorem. This completes the proof of (ii). 

The proof of property (ii) from Definition for < a follows from (ii) and the fact that 
L 2 (Q, E, jtt) C L X (Q, E, fi). The case b < is reduced to the case a > using property (v). 
Finally the case a < < b follows from the identity Ft a u — -F] aj o]-F]o,b] □. 



7.2 Selfadjoint operator associated to a FKN kernel 

In this subsection we recall a result of Klein and Landau |KL1| . allowing us to construct 
a selfadjoint operator starting from a FKN kernel associated to a selfadjoint operator V, 
which is affiliated to Li. To keep the exposition compact, we will use the convention for the 
parameter [3 explained at the beginning of Section |G| 

Let (Q, E, E , U(t), R, fi) be an OS positive path space and V a selfadjoint operator 
affiliated to U such that V £ L X (Q, E, fi) and e~ TV £ L}(Q, E , n) for some T > 0. Let F[ 0ib ] 
be the associated FKN kernel. 

Let, for < t < T/2, Mt be the linear span of Uo<s<T/2-f F[o,s]L°°(Q, E[ 0)T / 2 _ t ], fi). Set 

U v (s): M t - L 2 (Q,E +lA1 ) Q < s <; 
ip !-> F[ , s ]U(s)ip, 

Lemma 7.3 

(i) For ip € Mt the map 

[0,t] 9 s i * tV(s)V» e L 2 (Q, E+,/x) 

is continuous on [0, i]. 

(ii) U v (s):M t nAf^Af forO<s<t<T/2. 

Proof. Using the definition of Mt and the properties of the FKN kernel -FLfe] it suffices 
to show that for tp € L°°(Q, Erg ,T/2-tl; A*) the map s — > Uv{s)ip is continuous at s = s', 
< s' < t < T/2. For < s, s' < t < T/2 we have 

U v (s')ij - Uv{s)4> = F [0tSl] (U(s')i; - U(s)i>) + (J? M - F [0 , s] )f7(s)^. 
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Hence 

\\U v {s>)i>-U v {s)i>\\i < J Q F* sr] \Um-U(s)i>\ 2 dv + f Q (F [0!a] - F [0/] ) 2 |C/( S )V| 2 d/i 

< f { \uw-n.m*)>'}^ u W*- u ( 8 W adfi 

+ / { |^( s 0V'-^l( 3 )<e} i7, [L']l C/ ( s ')^-^)V'| 2 ci/i 
+ ll^]-^[0,,]II^IIV'l| 2 o - 

The last term on the r.h.s. tends to if s — > s' as a consequence of Proposition 17.21 The 
second term on the r.h.s. is less than e 2 ||-f]o,s'l III- To estimate the first term, we write the 
function / := Ff Q sl] as /l{|/(g)|<M} + /H{|/(«)|>M}- It follows that 

< 4M||V'|| 2 / ]1 {|;7( S ')^-^M^I(?)> e } d A i + 4 ll/ ]1 {|/(9)l>M}l|l||V'l| 2 o- 

Since / e L 1 (Q,S + ,^), the second term tends to as M — > oo. Since U(t) is strongly 
continuous in measure, the first term tends to as s — > s'. Picking first e <C 1, then M ^> 1 
and finally | s — s' | <C 1 we obtain (i) . 

Let us now prove (ii). Let < s < t < T/2. Note that Uy{s) sends Ai s into L 2 (Q, E+, /i). 
Let us fix tfj £ M. t - First we consider the case s < t. For < r < s and s + r < t we have 

(EV(s)V. EV(*M - Jq F [0 , s] t/( S )^F [0 , s ]C/(s)^dM 

= J Q i f, [ _ r , s _ r] f/(s - r)#/(-r)iLF] , s] d// 
= Jq F [-r,s-r] U(s- r)i>RF[ ryS+r] U{s + r)ip d^i 
= J Q F[o,s-r] U(s- r)ifjRF [0 ^ s+r] U(s + r)ip dfi 
= (U v (s - r)tp,U v (s + r)ip). 

Since ( . , . ) is positive, the Cauchy-Schwartz inequality implies 

(U v {s)^,U v {s)ip) < (U v {s-r)i),U v {s-r)if) h (U v {s + r)i),U v {s + r)^. 
Thus, by induction, 

n-1 

{U v {a)i>, Uv(sW) < \\U v (s - nr)i/>\\ II ( U ^ s ~ V ~ Uv( - S ~ C? - W) *• 

i=o 

If we pick < r < s, s = nr, such that s + r < t, then (i/;, tp) = implies (f7 (s)?/>, U(s)ip\ = 0. 
Finally, (ii) for s = t follows from (ii) for s < t and (i) □. 

Theorem 7.4 Let < t < T/2, V t = V(M t ) and <s <t. Then 

P v (s): V t -» W 

V(V) ^ V(F [0>s ]?7(s)V) 

is a well defined linear operator, and (V t , Py(t), T/2) is a local symmetric semigroup on Ti.. 
We denote by Hy the associated selfadjoint operator. 

Proof. The fact that Pv(s) is well defined follows from Lemma 7.3 (ii). Property (ii) of 
Definition 16.21 follows from the properties of the FKN kernel F[ a ^ . Monotonicity of the 
family {Vt} w.r.t. inclusions is immediate. That V = Uo<t<TD t is dense in H follows from 
the fact that V contains V[L°°(Q, E+, //)). Finally property (iii) follows from the continuity 
property stated in Lemma l7.3I D. 
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Theorem 7.5 |KL1I Thm. 16.4]. Let V be a selfadjoint operator affiliated to U such that 

V G L 1 (Q,T,o, and e~ TV € L 1 (Q,So, m) / or some T > 0. Assume in addition that 
either V € L 2+e (Q, E , m) /or e > or t/iai V" € £ 2 (Q, E , /x) V" > 0. Let, for (3=oo,H 
( resp. L for (3 < oo) denote the selfadjoint generator of the unperturbed semi-group 1 1— > P(t) . 
Then H + V (resp. L + V) is essentially selfadjoint and the operator Hy (for both cases) 
constructed in Theorem \l.J\ is equal to H + V (resp. L + V). 

7.3 Perturbations in the positive temperature case 

The following theorem is shown in |KL1| : 

Theorem 7.6 KL1 . Let (Q, E, So, U(t), R, n) be a /3-periodic OS-positive path space, 

V a selfadjoint operator on TL affiliated to hi, which satisfies the hypotheses of Proposi- 
tion \ 7.0>[ Let F — {F[ a ^} be the associated /3-periodic FKN kernel. Then the path space 
(Q, E, So, U(t), R, nv), where 

, ^[-/3/2,/3/2]d/i 

d/iy := 7—= 1 — 

J Q ^l-l3/2,P/2]dfl, 

is a (3-periodic OS-positive path space. 

By the reconstruction theorem recalled in Section 16.51 one can associate to the perturbed 
path space {Q, S, So, U(t), R, fiy) a physical Hilbert space TLy, a distinguished vector Sly, an 
abelian von Neumann algebra Uy , a selfadjoint operator Ly and a von Neumann algebra Ty . 
If ujy and Ty are the state and W* -dynamics associated to fly and Ly, then {Ty, Uy , Ty, ujy) 
is a stochastically positive /3-KMS system. 

Our next aim is to construct canonical identifications between the perturbed objects and 
perturbations of the original objects associated to the path space {Q, S, E , U(f),R, ff). 

Identification of the physical Hilbert spaces 

We first show that there is a canonical unitary operator between TLy and TL. 
Proposition 7.7 Assume that V, e~P v £ L X (Q, S , /x). Set 

I: L°°(Q, E+^/A/V Hos/M 

Vyft£>) 1 — ► viFio.P/^) L 

{J Q F [-H/2.0/2]dtj)^ 

Then I is a well defined isometry from TLos,v /■N'v into TLos/N with dense range and do- 
main. Hence L uniquely extends to a unitary map l:TLy — » TL. 

Proof. Note that fiy is absolutely continuous w.r.t. fx. Thus L°°(Q, S, fiy) — L°°(Q, E, ff). 
Iftpe L°°{Q, E, n)fW v , then J Q R^dfiy = J Q dfiRF [0 ^ /2] ^F [0 ^ /2] iJ) = 0. Hence F [0 ^ /2] ^ € 

AT. Consequently L is well defined. / is clearly isometric since 



m , I \ Jq RH^v J Q RF{o,p/2]^F [0tl3/2] ^d[i 

{Vy1p,Vyij)v = 7— I — = r — - = {IVv1p,IV V 1p). 

) Q k[-f3/2,(3/2]dH J Q Ti-p/ 2 ,p/ 2] dn 

I is densely defined since L°°(Q, E + , /i) is dense in TLos,v- Since Vy is a contraction, 
L°°(Q, E-|_,/i)/jVV is dense in TLosy I Ny and hence in TLy. Finally, we note that Ran/ con- 
tains V(F [0i(3 / 2 ]i oo (Q,E + ,^)). Since F [QJ3/2] > a.e., F [0 ^ /2] L°°(Q, E, fx) is dense in TLos 
and hence its image under V is dense in TL □. 

Identification of the abelian algebra 
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Proposition 7.8 For f € L°°(Q, So, A 4 ) one ^ as 

and, consequently, IlAy = UI. 

Proof. This follows immediately from the definitions of / in Proposition 16.51 and I in 
Proposition 7.7 □. 

Identification of the C*-dynamics 

Applying Theorem l7.4l we obtain a selfadjoint operator Hy from the FKN kernel associated 
to V . It will be called the pseudo-Liouvillean generated by V. 

Proposition 7.9 One has 

(i) m v = ||e-^W2o||-i e -^v/2 n . 

(ii) for < si < ■ ■ ■ < s n < f3/2 and A u . . . , A n e U 

7e- SlHv Ai(n2 e^-^^A^Qy 

c"' lBv A 1 ([]"c ( 'J-^ s i )H v J 4 i )c('»-« 2 > fl vn 
= " || e -3«v/2f2|| ) 

(iii) for ti, . . . ,t n G H, A\ , . . . , A n G U and ip e Hy 

n n 

iqjc^^A^-^^)^ = (JY^ 11 * A j e- it i Hv )iil)\ 
i i 

(iv) IJv = JI. 

Note that in (ii) and (iii) we identify U with L°°(Q, So,/u). 
Identification of the observable algebras 

We recall that the observable algebra and the dynamics associated to the perturbed path 
space (Q, S, So, U(t), R, fj,y) are the von Neumann algebra Ty generated by { e ltiv ' J 4e _ltil/ | 
A G Uy, t G H} and the automorphism group ry : 1 i— ► Ty (t) , t € M, where 

T V {t){B) = e itLv Be~ itLv , BeTy. 



Proposition 7.10 

(i) iTy^iB)!- 1 = e itHv IBI^e-^ for B G Ty and t G H; 

(ii) Assume that either V G L 2+e (Q, S , fi) for e > or that V € L 2 (Q, S , /Lt) and 
y > 0. 7t /oZ/ows i/iai ITyl- 1 = T. 

Proof, (i) follows from ProDOsition l7.9l (iii). To prove (ii) we recall from Theorem l7.5l that. 
under the assumptions of the proposition, L + V is essentially selfadjoint on T>(L) n T>(V) 
and Hy = L + V. Hence, by Trotter's formula, 

c itH v Hm ^tL/n e itV/n^n_ 
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Thus 

n — >+oo 

Since e isV £ U C F, A G T implies that e isV Ae~ isV G J 7 . Moreover, e isL Ae" lsL G ^ by 
definition. So e itffv ,4e~ itffv ' G J* 7 , if A G and hence 

According to Tomita's theorem (see, e.g., [BR]) T' = JTJ and T' v = JyTyJy. Using 
Proposition 17.91 (iv). Thus 

(ITvr 1 )' = iT' v r x = IJvFvJvI- 1 = JIT v i- x J c JTJ = T'. 

Taking commutants we obtain 

T = T" C {JTvi- 1 )" = IFy!' 1 . 

Hence T = ITyl^U. 

The results in this section are summarized in the following theorem. 

Theorem 7.11 Let (J-,U,t,lu) be a stochastically positive (3-KMS system. Let 7i,17, L 
be the associated GNS Hilbert spaces, GNS vector and Liouvillean. Let V be a selfadjoint 
operator on 7i, affiliated to hi, such that 

V, e' fjV G L 1 (Q,'E ,fj l ) and either V G L 2+t (Q, £ , fi), e > 0, 

or V e L 2 (Q,Z ,[i) andV >0. 

Then 

(i) L + V is essentially selfadjoint on T>(V) PI T>(V); 

(ii) n G V{e~^ Hv ), where Hy = L + V; 

(iii) (.T 7 , tv, wy) is a stochastically positive (3-KMS system for 

T V>t (A) = e itH v Ae- itH v , u v (A) = \\e-^ Hv n\\~ 2 {e-^ Hv n,Ae-^ Hv n), A e J 7 . 

Perturbed Liouvillean 

In the next theorem, we identify the Liouvillean for the perturbed system. 
Theorem 7.12 Assume that V is a selfadjoint operator affiliated to hi such that 
(7.2) e-^Gi^Q.Eo,//) 
and 

V G L P (Q, S , /x), e-f y G L«(Q, S 0) /z) /or p" 1 + a" 1 - |, 2 < p, 9 < oo, 
y '' orVeL 2 (Q,Y; ,fi)andV>0. 

Let Ly be the Liouvillean associated to the [3-KMS system (F, tv, uy). Tften ify — JVJ is 
essentially selfadjoint on T>(Hy) n T>(JVJ) and Ly = Hy — JVJ. 

Lemma 7.13 For A e U one has JAfly = \\e-% Hv n\\- 1 e- ! 5 Hv A*il. 

Proof. Let us set c = \\e~ ^ Hv fl^ 1 . Then AVty = cV(AF [o>0/2] ). Moreover, JAQy = 
cV(J7(/3/2)A*Fr 0jj g/ 2 ]), since F[ ^/ 2 ] is invariant under Rpu. Since A* belongs to the space 
Mp/2 = L°°(Q,So,Ai) defined in Section 7.2, V(A*) = AQ G V(e~^ Hv ) and 

ce-f ffv^Q = cV(J7(/9/2)A*F[o^/ 2 ]) = .Mfiv □• 
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Lemma 7.14 Let fx be a real function in L 2 (Q,Y,o, /i) such that fxF[o,p/2] G L 2 (Q, £[o l; g/2]> A 4 )- 
Tften fly and fi are vectors in V(fi). The vector fxCl is in T>(e~% Hv ) and satisfies JfxClv — 

lle-^ny-ie-l^/iii 

Proof. Since fx G L 2 (Q, E , //), we have G £>(/i). Now G L 2 (Q, S[ ,/3/2], A*)> 

thus n v G 2?(/i). Let /„ = Afld/ii^n}- By dominated convergence / n -F[ 0>/ 3/2] -* /i^[o,/3/2] 
in i 2 (Q,E [0!/3/2] ,//), i.e., 

/l^v = V(/iFr 0;i a/2]) = lim V(/ n Fr 0il g/2]) = lim frSly 

Applying Lemma l7.13l to A — f n we obtain, for u G D(e~% Hv ), 
(e-i Hv u,hn) = lim^^Ce-l^u./nfi) 
= lim n ^ co (u,e"2^/„fi) = lim Jl ^ 00 (u, J/ n Qy) = {u, J/i,fiy). 

This shows that G V(<r^ Hv ) and e"^/^ = J/iOy □. 

Lemma 7.15 Assume that V is a selfadjoint operator, affiliated toll, which satisfies {l.'dty . 
Then 

n v G X>(-ffy) n D(V) and (#y - JVJ)Q V = {H v - JV)Q V = 0. 
Proof. We first verify that V satisfies the hypotheses of Lemma 17. 141 i.e., that 

(7.4) Ve-C 2u ^ Vdt eL 2 (Q^ m ,v). 

Let 2 < p, q < oo be as in (|7.3|) . If p = 2, then V > a.e., thus l|7.4|l is clearly satisfied. 
If q < co, then, applying Holder's inequality, it suffices to prove that 

V eLP(Q,Z,fi) and e ~fi" >mv * t G i 9 (Q,S,//). 



Applying l|7.1|l we find 



,, - f^ 2 (7(t)Vdtii ^ I, -4V|, 

lie J f IU«(q,e,m) < ||e 2V |I„ < oo. 



|L«(Q,E,lO ^ 1^ " Ik 

Let it G X>(e~^) n X>(i7y) fl T>{H v e~^ Hv ) and set c := || e ~ 0|| - 1 . Then 

(H v u,n v ) = c(e~% Hv H v u,n) = c(e-2 Hv u,H v ty = c{eT^ Hv u, VVL), 

since G U(V) n V(L) and iJyfi = Lfi + Vtt = VQ. Applying Lemma 1711 to fx = V we 
obtain 

c(e-§ Hv u,Ffi) =c(u,e-^- frv Ffi) = (u, JFQy). 

This implies, together with Jfiy — fiy, that f2y G V(Hy) and ifyfiy = JVfiy = JVJSly 
□ . 

Proof of Theorem [7701 Let .Fi be the set of A G T such that i i-> 7y, t (A) is C 1 
for the strong topology and let A e Fi. Since f/y implements the dynamics Tyt, we see 
that A G C X {H V ). By [XEU] . this implies that A:V(H V ) -> X>(iJy). Since fiy G £>(i?y), 
the vector Afiy G T>(Hv)- Since JVJ is affiliated to J 7 ', Lemma 17. 151 implies 

LyAfty = r^Tyt^Oy | t=0 = H v Afl v ~ AH v fl v 

= H V AQ V - AJVJflv = H v An v - JVJAfty 

This yields Lyu = TLyu — JVJu for it G J-iSly- By Proposition |0] we know that .Fifiy is 
a core for Ly. This implies that Ly is the closure of Hy — JVJ on T\Slv and hence also 
the closure of Hy - JVJ on V(H V ) n V(JVJ) □. 
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7.4 Markov property for perturbed of path spaces 

In this subsection we show that the Markov property of a path space is preserved by the 
perturbations described in Subsection 17. II 

Proposition 7.16 Let [Q, E, So, U(t), R, fx) be a generalized path space satisfying the Mar- 
-kov property and let {-FLm} be a FKN kernel. Then (Q, E, Eo, U(t), R, [If) satisfies the 
Markov property. 

Proof. Let (Q,E,^) be a probability space, F S L 1 (Q,E,/i,) with F > ^-a.e. and set 
d/i F = (j Fd^-^dn. 

If B C E is a cr-algebra and / is E-measurable, then we denote by E B (f), (resp. Eg(f)) 
the conditional expectation of / w.r.t. B for the measure /z (resp. fxp). Then (see |Lol Sect. 
2.4]) 

(7.5) E B {fg) = E B (f)g, E%{fg) = E%{f)g /Lt-a.e. if g is B-measurable 

and 

f7 G\ T?Ftt\ E B (Ff) 

(7-6) S B (/) = -—— /i-a.e. 

To simplify the notation, let us set Eo = E{ } if j9 = +oo and -Eo = -E{o,/3/2} if /3 < oo. 
Set E + = F [0)/ 9/ 2 ] and F_ = so that F = F_F + . Set J B| F) = s[ Q ^ /2] and M. F) = 

4-/3/2,0]- Finall y sct ^o F) = ^{0} if /3 = +oo and = E {o^/2} if Z 3 < °°- 
Let now / be E-measurable. Then 

F F (f ) = E +( F ^ = E+{F_F + f) E+jFJ) 
+ [J) E + (F) E + (F_F + ) E + (F_) ' 

using l|7.6|l . (|7.5|) and the fact that F+ is E[ ^/ 2 ]- measura ble. Next 

E+(F_f) _ E + (F_f) _ E+(F_f) 
E + (F_) E+E_{F_) Eq (F— ) ' 

by the Markov property for (Q, E,/z) and the fact that F— is Er_ / 3/ 2 ,o]" ineasura ble. Since 
Eq(F-) is E^^oj-measurable, we have, by H7.6|l and 1|7.5|) . 

E F E F (f) = E^(FE + (F_f)) = E_(F_F + E + (F_f)) = E_(F + E + (F^ /)) 
- +[J1 E (F-)E-{F) Eo(F-)E-(F-F+) E (F-)E-(F+) ' 

since F— is E[_ / 3/2,o]" measurame - 
Now 

E_(F + E + (F_f)) _ E (Ff) 



E Q (F_ )E-(F+) Eo (F+ )E (F_)' 
by the Markov property for (Q,E,/z) and the fact that F + is Er ^/2] -rneasura ble. Finally 

E (F_)E (F+) = E + E- (F- )E (F + ) = E+(F_E Q (F + )) 

= E + (F_E_(F + )) = E+E_(F_F + ) = E (F). 

This yields E^E+(f) = E~(f) /x-a.e. and completes the proof □. 



8 Free Klein-Gordon fields at positive temperature 

In this section we recall some results about the complex Klein-Gordon field and show that 
it provides an example of a charge symmetric Kahler structure. 
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The classical Klein- Gordon equation describing a charged particle of mass m is 

<9 t 2 $ - d 2 x <J> + m 2 $ = 0, (t,x) E JR d+1 , 

where $:lR !i+1 — + C is a complex valued function. For later use we recall the discrete 
symmetries of the Klein-Gordon equation, namely the parity p, time reversal 9 and charge 
conjugation c: 

p$(i, x) := <J>{t, -x), 9<J>{t, x) = $(-t, x) and c$(i, x) = <P(i, x). 

In particular, real solutions of the Klein-Gordon equation without external field describe 
neutral scalar particles. In the sequel only time-reversal and charge conjugation will play a 
role. 

8.1 The complex Klein-Gordon field 

Let us now describe the abstract Klein-Gordon equation that we will consider in the sequel. 
Abstract Klein-Gordon equation 

Let f) be a Hilbert space. We denote by i the complex structure on t) and by (. , . )^ the 
scalar product on \). We assume that f) is equipped with a conjugation denoted by $ — > $. 
Let 

(8.1) e>m>0 

be a real selfadjoint operator on t), i.e., such that e$ = e$. 

For < s < 1 we denote by f) s the Hilbert space £>(e s ) with complex structure i and scalar 
product v , u i ► (w,e 2s u)i, and by f)_ s the completion of (f),i) for the norm (v, e~ 2s v)t ) . The 
space ()_ s can be identified with the anti-dual of t) s using the sesquilinear form (v, u) = (v, u)t, 
for v G f)_ s and u S t) s . 

We consider the abstract Klein- Gordon equation 

(kg) (d?m)+t 2 m = o, 

where $(t) is a function of t € IR with values in t). This (complex) KG equation describes a 
classical field of scalar charged particles. 

The complex structure on rj yields a complex structure on the space of solutions of (KG), 
associated to the U(l) gauge group. Following the convention of Subsection 12 . II this 'charge' 
complex structure will be denoted by j . It is defined by 

(j$)(i) := i$(t) for $ a solution of (KG) and t G JR. 

The following quantity does not depend on t: 

:= i(*(t), (9 t $)(t))„ - 

Hence it defines a symmetric sesquilinear form on the space of solutions of (KG). The fol- 
lowing transformations preserve the solutions of (KG): 

- gauge transformations $(t) h-> e iQ $(i) = (e jQ $)(t), a £ [Q,2tt]; 

- time-reversal 9: $(i) i— > $(— t); 

- charge conjugation c: $(£) i— > $(t). 

Energy space 

It is convenient to identify a solution of (KG) with its Cauchy data at t = Q, 

/:= ($(0),(<9 t $)(0))ef)xf). 
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To do so one introduces the energy space £ := F)i © f) equipped with the norm 

(f,f)s = (/i,e 2 /i)f, + (/2,/2)f,, 

where we set / = (/i, /2)- Note that the complex structure j becomes i © i on £. Setting 
ft = (c?i<&)(£)) one can rewrite the Klein-Gordon equation as the first order system: 

](d t f) t = Lf t for L = ( ?, 



x -ie 2 

It is convenient to diagonalize L using the unitary map 

U : £ -» ()©[) 

/ !-» u=(ui,u 2 ), 

where 

C/o := 4 ( 6 \ and EG" 1 = ± ( £ ! ^ 



It follows that 

In particular, L is sclfadjoint on £ with domain x and the evolution IR 9 1 1— > e _j * L 

is a strongly continuous unitary group. Therefore the space of solutions of (KG) can be 
identified with £. On £ the symmetric form q is 

<l(gj) = i(ffi,/2)f, -i(S2, /Ob- 
Charged Kahler space structure 

On £ we put the 'energy' complex structure i := 

Proposition 8.1 TTie space (f , j , i, q) is a charged Kahler space. 

Proof. Clearly [i,j] = 0. We have to prove that 

(.9, f) ■= Img(.9, if) + Sm.q(g, f) 

is a positive definite symmetric sesquilinear form on (£, i). If U f = (ui,u 2 ) and U g = 
{vi,V2), then 

q(g,.f) = -{V2,e- 1 u 2 )t ) + (t>i,e _1 ui)ij, 

<l(g,if) = ~{V2, -ie~ 1 u 2 )^ + (t)i,ie _1 ui)j, = i(t>i, e _1 Ui)f, + i(«2, e" 1 ^)^ 

and consequently 

(8.2) (g, f) = (wi, e _1 ui)(, + {v 2 , e~ 1 u 2 )t,. 

□ 

Definition 8.2 We denote by (£ q ,i, (., . )) £/ie completion of (£,i) for the scalar prod- 
uct ( . , . ). 

Proposition 8.3 The space £ q is equal to the space f)i © fj_i equipped with the complex 
structure 

-e- 1 
e 



l = 



and i/ie scalar product (g,f) = Re(g 1 ,ef- L )f, +Re(g 2 ,e 1 f 2 \ + i(Re(#i, f 2 \ - Re{g 2 , f\\) ■ 
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Standard form of the complex Klein-Gordon field 

It is convenient to introduce the map 

U q {fiJ 2 ) ■■= 75(^/1 +ie-?f 2 ,^J 1 + ie~^7 2 ) =: (ui,U 2 ). 
Using 1)8. 2[1 we obtain that U q extends to a unitary map 

u q . (s q ,i, (.,.)) -(MeOM). 

Let us describe the various objects after conjugation by C/ q . We will denote by the same 
letter an object acting on £ q and its conjugation by U q acting on () © fj. 

- symmetric form: after conjugation by [7 q the symmetric form q(g, f) becomes 

q((vi,v 2 ), (ui,u 2 )) = (vi,ui) - (u 2 ,v 2 ). 

'charge' complex structure: after conjugation by U q the complex structure j 
becomes 

- Hamiltonian: the infinitesimal generator of IR 9 t i— > e _jtL on (f q ,i, ( . , . )) is 
the Hamiltonian, denoted by h. After conjugation by U q , 

>-(!!)■ 

In particular h is positive. 

- Gauge transformations: the infinitesimal generator of [0, 27r] 9 a i— > e _JQ on 
(£ q , i, ( . , . )) is the charge operator q. After conjugation by U q , 

We have q = — ij. Hence q is a charge operator in the sense of Subsection 12.41 

Time reversal: we have 9{f\, f 2 ) = {fx, —f 2 ), and after conjugation by U q , 

6(ui,u 2 ) = (U!,U 2 ). 

- charge conjugation: we have c(/i, f 2 ) — / 2 ), and after conjugation by U q , 

c(ui,U 2 ) = (U2,«l)- 

We see that (f q , j, i, g, c) is a charge-symmetric Kahler space. 

From now on we will set X := f) © f) with elements x = (x + ,x~) and equip X with the 
complex structures 

i=( J ?) andj=(^J 
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with the symmetric form and the scalar product 

q(V,x) = (y + ,x + ) - {x~,y~) and (y,x) := (y + ,x+) + {y~,x~), 
the Hamiltonian and the charge operator 

h= ( e ) andq= ( -1 
and the time-reversal and the charge conjugation 

0(x + , x~) = (x + , x~) and c(x + , x~) = (x~ , x + ). 
From the discussion above we obtain the following theorem. 

Theorem 8.4 The map f/ q : (£ q , j, i, q, c) — > (X,j,i,q,c) is unitary between (£ q ,i, (., . )) 
and (X, i, ( . , . )), and isometric between (£ q , j, g) and If satisfies 

UqaU^ 1 — a for a = h, q, t, c. 

For later use we set k := 6*c and X K := {x e X\nx = x} = {(x + ,x + ), x + e f)}. Note that 
in terms of solutions of (KG) we have «<I>(i, x) = t, x) and an element of A K corresponds 
to a solution of (KG) with Cauchy data (u, 0), where u € f) i . 

We see that n is a conjugation on (X, i, (., .)) and hence Im( . , .) vanishes on X K . 
Since [k, j] = 0, the vector space A K is a complex vector space for the complex structure j. 

For comparison with the physics literature, let us consider the case [) = L 2 (IR , dx) and 
e = (— A x +m 2 )2. Then fj_i is the Sobolev space i?~i(]R d ). In the physics literature one 

defines for u e C^(M d ) the time -zero field <j> p (u) to be the Hcrmitian field associated with 
the solution of (KG) with Cauchy data (^r£ _1 u, 0). 

After the unitary transformation U q , (^e~ 1 u,0) becomes the element 

(e-'u, e"k) e L 2 (]R d ) L 2 (]R d ), 



V227T 

i.e., 

In the physics litterature one also considers the complex time-zero field (f p (u) defined as 
<j> p (u) + i0 P (iu), i.e., 

M«) = ^;</?(e~^,e~^)- 

8.2 The real Klein-Gordon field 

We now quickly discuss the real Klein-Gordon field. 
Abstract real Klein-Gordon equation 

Let ()]r be a real Hilbert space. Let e > m > be a selfadjoint operator on i)^. We consider 
the Klein-Gordon equation: 

d?$(t) + e 2 $(t) = 0, 

where $ is a function of t <G HI with values in The real Klein-Gordon equation describes 
a classical field of scalar neutral particles. 

Let us denote by t) := d)]R the complexification of with its canonical scalar prod- 
uct (-, ■) f) . The space t) is equipped with the canonical conjugation f) 9 $ i— > $, $ e h. 
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On the space of real solutions of the Klein-Gordon equation, the charge conjugation c 
acts as identity and the time-reversal 9 takes the form 9: i— > $(— t). We will still denote 
by e the complexification of e acting on t). We can now apply the results of Subsection 18.11 
to the Hilbert space t). 

The real energy space is £jr := £nf)iR, x The image of £]r, under the transformation U 

is 

USm =■ Sir = {(ui,u 2 ) eh® t)\u 2 = ui}- 

Note that e~ stL preserves £m. More general, if F: IR — > C is a bounded measurable 
function such that -F(A) = F(—X) then F(L) preserves £ir. Therefore i preserves £]r and 
hence defines a complex structure on £jr . The space {£ jr., i, q) is a Kahler space. 

Definition 8.5 We denote by (f q ,]R; i; ( • > ■)) the closure of (£jR>i) for the scalar prod- 
uct ( . , . ). 

Proposition 8.6 The space £ q .jR, is equal to hi ^® h_i ^ equipped with the complex struc- 
ture 



and the scalar product (g,f) = (gi,e/i)i, + (32, e 1 h)t> +i((ffi,/a)ft - (52, /].)&)• 

Standard form of the real Klein-Gordon field 

We set 

Then tin extends to a unitary map between (£ qj ]R,i, (., . )) and f). Let us describe the 
various objects after conjugation by Utr: 

- Hamiltonian: The infinitesimal generator of IR 3 1 1— > e~ ]tL on (£ q ,iR, i, (•, •)) is 
the Hamiltonian denoted by h. After conjugation by C/]r, 

h = e. 

In particular, h is positive. 

- Time reversal: We have 9(fi, f 2 ) = (/i> — fi)- After conjugation by Ujr, one 
finds 9u\ =U\. 

From the discussion above we obtain the following theorem. 

Theorem 8.7 There exist a map Ujr, between (£ q ^Tn,i,q,9) and (f),j,<7, #) which is unitary 
between (£ q ,iR, i, (• , ■ )) and (h, j, (. , . )), and satisfies 

Uq,M.aU~M = a for a = h, t. 

For later use we set k := 9 and fj K := {h € h \ h = h}. 

8.3 Free Klein-Gordon fields at positive temperature 

We can now apply the results of Section 0] to the real and complex Klein-Gordon fields. 

In the complex case we set X = h © f), h — e® e, q = 1 © —11 and introduce for < m 
the state up^ on W(X) defined by the functional 

u>p tfl (W(x)) := e -K-.(i+2p)-) ; x e X , 
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where p = (e^ a — 1) 1 and a = h — pq. As recalled in Section 0] ojp^ is a (r, /3)-KMS state 
for the dynamics T t (W(x)^j = W(e lta x), which is invariant under the gauge transformations 
a t (W(x)) = W(e ltq x). For p — the state wp^ will be denoted by uip. 

In the real case we set X = t), h = e and consider the state on 2U(X) defined by the 
functional 

ujp(W(x)) := e-Hx^+ip)*), xe x, 

where p = (e"' 9c - It is a (r,/3)-KMS state for the dynamics T t (W(xj) = VF(e it£ a;). 

In both cases we denote by T and W the algebras defined in Subsection 14.31 note that U 
is defined w.r.t. the appropriate conjugation k. 

Applying Theorem 14.51 we obtain that the KMS system {J 7 , 24, r, up) is stochastically 
positive both for real and complex Klein-Gordon fields. Moreover, by Lemma 14.61 and Thc- 
orem 16.101 the stochastic process associated to (J 7 , 24, r, up) satisfies the Markov property. 

In the next lemma we show that for p, ^ 0, the KMS system (JF, 14, t, up jfJ/ ) is not stochas- 
tically positive. The same is true, if we restrict the KMS state up.^ to gauge invariant 
observables (see Subsection 14.41) . 

The physical reason for this fact is that a system of charged particles is only invariant 
under the combination of time reversal and charge conjugation. A nonzero chemical potential 
introduces a disymmetry between particles of positive and negative charge and hences breaks 
time reversal invariance, which is a necessary property shared by all stochastically positive 
KMS systems, as we have seen in Proposition l3.4l 

Lemma 8.8 For p ^ the KMS systems (T ,14, r, up tll )and (A, A K ,T, up tfl ) are not stochas- 
tically positive. 

Proof. Using the results of Subsection 12 .41 we have: 

<Pw(x) = a u] (x + ) + a* (aT), 92* (x) = a* (x + ) + a u (x~), 
which, by an easy computation using the results recalled in Subsection 14.21 implies 

cpl(x)(p a (x)n ^ = a* F ((l + p)ix+ ®pi~3F)a* F ((l + p)ix~ ®p^x+)fl 0tfi 

+((x-,(i + P )x-) + (x+, P x+))n 0tfi . 

Set H = dr(h 8 -h) and Q = dT{q © -q), so that L = H — pQ. Then 

e~ sL 'P* UJ (x)(puj(x)n 0:fJ , = e~ aH <p*(x)ip u [x)Qp,,i 

= a* F ((1 + p)i C - sh x+ © ph sTi ~)a F ({l + p)ie- sh x~ © ^i e ' E 5+)n /J)/l 
+ ((a;-, (1 + p)x~) + (x+,fKD+))(lp^. 

Thus, for x, y G X, 

{^p* {y)Lp{y)n fj ,^e~ sL ip* {x)Lp{x)VL p ^) 
= ((1 + p)*y + © p*?r , (1 + p)^e~ sh x + © pie sh ~) 
x ((1 + p)iy~ ®p^y+, (1 + p)^e~ sh x~ ®pi e s ^x+) 
+ ((a: - , (1 + p)x~) + (x + ,px + )) ((y", (1 + p)y-) + (y + ,py + )). 

Let us now restrict ourselves to x,y £ X K , i.e., x — (u,u), y — (v,v), u, v € f). We obtain 
x + = u, x~ = u, y + = v and y~ = v. If we set p ± = (e^ 6 ^) — 1) — 1 , then 

(<p*(y)<p(y)£l/3,n, r t (tp* (jx)(p{x))Clp tlM ) lt=u = (v,(e- se (l + p+) + e st p-)u) 

x (u, (e" se (l + p~) + e se p+)v) 
+ (u, (1 + p+ + p-)u) (v, (1 + p+ + p-)v)). 

This quantity is not real if s 7^ and // 7^ 0. Since </?* (x)(pu,(x) is a positive operator 
affiliated to A K this shows that the KMS systems {T ,24, T > w /3.p) an d (A A k ,t, Up !fl ) are not 
stochastically positive □. 
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9 Scalar quantum fields at positive temperature with 
spatially cutoff interactions 

In this section we present the main results of this paper, namely the construction of scalar 
quantum fields at positive temperature in one space dimension with spatially cutoff inter- 
actions. For the real scalar quantum field the two kinds of interactions that we will con- 
sider are the spatially cutoff P(4>)2 and e°"^2 models (the later one is known as the Efeegh- 
Krohn model). The first model is specified by the formal interaction J g(x)P(<fi(x))dx, where 
P(A) is a real polynomial, which is bounded from below. The second model is specified by 
J g(x)e a ^ x ^dx for \a\ < V^r. In both cases g is a positive function in L 1 (M) n i 2 (M). 

For the complex scalar field we will consider the spatially cutoff P((p*(p)2 interaction, 
specified by the formal interaction term J g(x)P(<p* (x)<p(x))dx. 

9.1 Some preparations 

In this subsection we prove some auxiliary results, which we will need to prove some prop- 
erties of the interaction terms later on. We first recall a result of Klein and Landau KLI . 

Lemma 9.1 Let (J- ',U,t,lu) be a stochastically positive KMS system and letTii be the clo- 
sure ofUtt. Lethi\ :=U\t-i x . Then VL is a cyclic and separating vector for U\, andli\ and Li 
are isomorphic as C* -algebras. 

Lemma 9.2 Let (J- \U,t,lu) be the stochastically positive KMS system introduced in Sec- 

tion \4-5\ Let X p be the vector space X equipped with the scalar product (x, x) p = (x, (l + 2p)x) 

and set 

j: X p -» X®X 

X I— > (I + p)?X © ~p~2~KX. 

Then 

(i) r(j) is an isometry from T(X p ) into T(X © X) such that 

T{j)^ =W u {x)T{j), xeX K ; 

(h) Wi = r(j)r(x p ) = i 2 (Q,s ,/i). 

Proof. The map x — > ~kx is C-linear from X to X, hence j is (D-linear. From the results 
recalled in Subsection 14.21 and the functional properties of T(j) we obtain that r(j)e lc ^ x ) = 
WF{jx)T(j). Now Wf(Jx) = W u (x) for x € X K , and this proves (i). 

Let us now prove (ii). The fact that Hi is isomorphic to L 2 (Q,Eoi/ i ) follows from the 
definition of U in Subsection 16.31 To prove the second equality, we note that k extends 
to a conjugation on X p , since [k, p] = 0. By a well-known result on Fock spaces, which 
we already recalled in the proof of Lemma [4.61 the vacuum vector £ F(X p ) is cyclic for 
{W(z) | x £ X p , kx = x}. 

Let now u £ T(X p ). Because of the result recalled above we find 

N 

u = lim u n , u n = y \jW(xj)S}, Xj £ X p , KXj = Xj. 

1 

It follows that 

N 

T(j)u= lim v n , v n = V" XjW^Xj)^,. 

1 
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Since v n G U£l we have T(j)u € 7i\ and hence T(j)T(X p ) C Hi- Let us now prove the 
converse inclusion: let v € with 

JV 

t; = lim v n , v n = N Ao Waj(a;,')f2, a;, G X, kx^ = Xj. 

n — *oo — J 

1 

Then 

v n = r(j)u„ for u„ = ^ ^jW(xj)tt. 

1 

Since is isometric, m„ — > u G L(X p ) and w = F(j)u. This shows that 7ii C r(j)r(X p ) 
□ . 



9.2 Wick ordering 

We recall some well known facts concerning the Wick ordering of Gaussian random variables. 
Let (Q, Eo, ^) be a probability space, F a real vector space equipped with a positive quadratic 
form / i— > c(/, /), called a covariance. Let F 9 / i— * <f>(f) be a M- linear map from i* 1 to the 
space of real measurable functions on Q. 

The Wick ordering : 4>(f) n : with respect to the covariance c is defined using a generating 
series: 

00 n 2 

(9.1) :e Q * (/) : c := V ^- :0(/) n : c = e ^ (/) e-^ c ^'^. 

o 

Thus 

(9.2) :^(/)": c =E f? o yA fT^ (~ ^(/, /)) . 

* — ' to! n — 2m! \ 2 1 

m=0 K ' 

If now ci, C2 are two covariances on F, then 

(9.3) :e Q<w/) : C2 = :e Q<w/) : Cl e "^ (c2 - Cl)(/J) . 
This implies the following Wick reordering identities (see e.g. |GJ| h 

[n/2] , 

(9.4) = £ ^fY^^ ("^ - *)(/, /)) . 



9.3 The spatially cutoff P(<p)2 interaction 

We recall from Section EOl that the real Klein-Gordon held in one space dimension is described 
by the Weyl algebra 2U(f)), where \) = L 2 (M, dfc). Let x € C^°(1R) be a real cutoff function 
with x(x)dx = 1. For x £ E and A G [l,+oo[ an ultraviolet cutoff parameter, we 
define / A)X G f) by 



/A,x(fe) := 




We set _ 

0a(x) := \/2<?!> w (/a,x) = a* (/a, x ) + a w (/A,x), x G 1R. 

Note that /a, x G f) K , so <^>a(x) is affiliated to i.e., </>a(x) can be considered as a measurable 
function on (Q, Eq, ^). 
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In order to define the spatially cut-off P((f>)2 interaction we fix a real polynomial of 
degree 2n, which is bounded from below, namely 

In 

(9.5) P(A) = a i XJ With °2n > 0, 

and a real function g £ Lj R (M, da;) n L 2 (5R, dx) with g > 0. 
We set 



V A =I ,g(x) :P(0 A (x)): o dx, 
where : :o denotes the Wick ordering with respect to the covariance at temperature given 

by <*(/,/) = £(/,/)*. 

For technical reasons we will also need to consider similar UV cutoff interactions with 
the Wick ordering done with respect to the covariance at inverse temperature (3 given by 
c/j(/,/) = §(/,/)„=!(/,(l + 2p)/),/e&. We set 

Va,/9= / ffW :P(0 A (x)) :/3 dx, 

where : :p denotes Wick ordering with respect to cp. Note that V\ and Va,p are affiliated 
to U. We first collect some properties of these auxiliary interactions. 

Lemma 9.3 The family {V\ t p} is Cauchy in all spaces L p (Q,So,/^) for 1 < p < oo and 
converges when A — > oo to a function Vp £ L P (Q, So, /u), 1 < p < oo, which satisfies 
e-tVp g ^(Q^c/i) /or f > 0. VKe sei 

J g(x):P(cb(x)):pdx. 

Proof. We use the identification of L 2 (Q, So, /u) with r(l) p ) presented in Lemma l9~^l Then 
Wick ordering with respect to cp coincides with Wick ordering with respect to the Fock 
vacuum on r(t) p ). By exactly the same arguments as those used in the 0-temperature case 
(see e.g. |S-H.K| or |DCI Sect. 6] for a recent survey) we obtain that, for < p < 2n, the 
cuttoff interaction Va p is a linear combination of Wick monomials of the form 

X] ^ r ) _/ w P> A fti, ■ ■ ■ , kr, fcr+i, ■ ■ ■ , k p )a*(k 1 ) ■ ■ ■ a*(k r )a(-k r+ i) ■ ■ ■ a(-k p )dki ■ ■ ■ dk p , 



r=0 

where 



v 



Wp. A {k 1: - ■ ■ ,k p ) = g(^2h)Y[x{^)e(ki) 2. 

1 1 

Recalling that 1 + 2p = ^°_^L we see that 

Wp,A € ®% = L 2 (H P , II ! _ c -/3e(fc,) dfcl ■ ' ■ ' dk i 

The sequence {u> P) a} is Cauchy in this space. Consequently w Pi a — > w Pi00 when A — > oo, 
where 

p p 

w p .oo{k u ■■■,k p ) = g(y~] hi) JJe(fcj)~3 . 

l l 

We can now apply these Wick monomials to the Fock vacuum and conclude that 
converges to a vector Vpfl in r(f) p ), or equivalently that Va,/3 converges to in L 2 (Q, S , //). 
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Since V\ : pVt is a finite particle vector, it follows from a standard argument (see e.g. Si2 , Thm. 
1.22] or |E3 Lemma 5.12]) that V A ,/3 L P (Q, E , A«) for all 1 < p < oo. 

We will now prove that e - *^ € L 1 {Q 1 So, /i). We argue as in the O-temperature case: we 
first verify that ||w p ,a — iw P) oo|| < CAr e ° for some to > and therefore || Va,0— ^/3||l 2 (q,s ,m) — 
CA~ e °. Applying again |DGI Lemma 5.12] we find 

(9-6) \\Va, P ~ V \\ LHQ>So ^ < C( P -l) n A- f -°, p>l. 

Using the Wick ordering identities (|9.2|) we obtain as identities between functions on K (see, 
e.g., |DG1 Lemma 6.6]): 

■ P{M*)) :/?> -C(||<M(x)fi|| 2 " + l). 
Now ||0a(x)O|| =C||e- 1 x( x )|| f , p < C(ln(A))i This yields 
(9.7) V A ,p > -Cln(A)™. 

Applying now Si2, Lemma V.5] we deduce from (|9.6|l and l|9.7|) that e~ tv « G L 1 (Q,E ,/x) 
for all i > □. 

Proposition 9.4 TTie family {V\} is Cauchy in all spaces L p (Q,T,q, [a) for 1 < p < oo 

and converges when A — > oo to a function V € L P (Q, fi), 1 < p < oo, which satisfies 
e~ tv £ L X (Q, S , n) for all t > 0. We set 



V =: I g(x) :P(0(x)): o dx. 
Proof. With the help of the Wick reordering identity (|9.4(l we find, for / € fj s , 



:P(M.f))--o =E'=o«^^(/)":o 

= E-: o E^ 2 o«,^7J^7 : W _2m * (-Kco-c^C/,/))" 1 . 

For / = f A , x 

TA ■= (cp - C )(fA.x, fA,x) = (/A.O,P/A,o) 

= Je-' 3e Wx(|)dA : = r oo +0(A- 00 ), 

where = J e~^ e ^dk. 
On the other hand, 

|^(/A,x)| p d M e 0(| C/3 (/ A , x ,/ A , x )| p ) € 0(ln(Af). 

J Q 
Therefore 

:P^ a (x)):o=:P(^a(x)):^ +0(ln(A) 2n A-°°) uniformly for x € suppg, 

where 

2n [j/2] 

v 1 ^ 3 m (j - 2m!) v 2 ; 

j=0 m=0 yJ 1 

We see that P(A) — P(A) is of degree less than 2n — 1. Applying Lemma fa.iSl to P this yields 



lim / g(x) :P(0 A (x)): o dx = lim / g(x) : P(</> A (x)) :/3 dx = / g(x) :P(cf>(x)): dx, 

A— »oo / A — >oo J 

which completes the proof of the proposition □. 
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9.4 The spatially cutoff e a ^2 interaction 

As in Subsection 19.31 we set, for \a\ < 

V A = y 5 (x):e^ A «: dx 

and 

V AtP = J g(x) :e^W :/3 dx. 
Note that, as above, V\ and V A ,p are affiliated to U. 

Lemma 9.5 For \a\ < \/2tt the family {V A) p\ is Cauchy in i 2 (Q,So,/i) and converges 



when A — * oo to a positive function Vp E L 2 (Q, So, p). We set 

Vp=: [ g(x) le^W^dx. 



Proof. The proof is completely similar to the O-temperature case where p = (see e.g. 
|g!2] . [11 K2|i. For completeness we will give an outline. Note first that by l|9.1[l le 01 **' 1 ' \p 

is a positive function on Q, hence the same holds for V Aj p as g > 0. We now show that Va.,/3 
converges in L 2 (Q, So, /i), and we will identify Va.,/3 with V Ai pQ. We have 



Hence 



|i W (N)V A ,pf = ^(£) n J h)\ 2 Him) r^gF^ . . . dfc„ 



< )" / ^)! 2 IE i^dfc! . . . dk n =: e„. 



Next we find 



1 /a 2 \™ 



for 



(h) J 5(x)5(y)^(x-y)"dxdy 
We claim now that 

(9.8) e fll^WI e £1qr) + L°°(IR) for |a| < v 7 ^. 
This implies that 

(9.9) ^ e„ < / . 9 (x) 5 (y)e^l^K x -^dxdy < 



•DC'. 



n=Q 



If we set 



then because of the rapid decay of p(k) when \k\ — > oo, we have K — Kp e L°°(]R), and 
(see [H~K2l equ. (2.4)]) Jf (x) e 0(1) in |x| > 1, JT (x) = -ln(x) + 0(1) in |xj < 1. This 
implies (|9.8[) . 

Now by the arguments in the proof of Lemma T9. 31 we see that 

lim l {n} (N)V A ,p = /.9(x) : 0(x)" : ttdx. 

Since ls n \(N)V At p — * V n in L 2 (Q,S ,/i) for each n and sup A ||l/ n i(iV)VA,^|| 2 < £n with 
J2 e n < oo, we see that V Ai p converges to some element V € L 2 (Q,Y^ , p), which is a.e. 
positive as a limit of positive functions □. 
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Proposition 9.6 For \a\ < V2n, the family {Va} is Cauchy in L 2 (Q,So, fi) and converges 
to a positive function V € L 2 (<3, So, /i). We set 

V =: J g{x) :e Q *W: dx. 

Proof. By the Wick reordering identity (|9.3I) we have 

Hence Va = e~ rA V\,p, which implies, using Lemma l9~51 that Va converges in L 2 (Q,S ,/i) 

a 2 

to the positive function e~ r °°Vg □. 

9.5 The spatially cutoff P((p*Lp) 2 interaction 

We consider now the complex Klein-Gordon field in one space dimension which is described 
by the Weyl algebra W(X) for X = f) © f), f) = P 2 (IR,dfc). We recall that the Gibbs state 
at inverse temperature [3 is given by lo(W(x)) = e4.( x >( 1+2 P x )\ where p = (e^ h — l)^ 1 and 
h = e © e. 
We set 

(^a(x) = </3 W (/a,x © /a, x ), <^a( x ) = VwC/a.x © /a, x ), x e R. 

Note that /a, x is invariant under the conjugation h — ► h. This implies that (/3a (a^) is affiliated 
toW, since /a,x©/a,x e ^k- Moreover, <^(x)^ A (x) = j^ 2 (/A,x©/A,x)+^(i/A,x©-i/A,x))- 
For P a real polynomial of degree 2n, which is bounded from below, and g a positive 
function in P^IR) n P 2 (H), we set 

Va = |.g(x) :P(^(x)^(x)): dx, 

where : :o denotes Wick ordering with respect to the O-temperature covariance cq(x,x) — 
\{x, x), and 

Va,0 = / g(x) :P(^a(x)va(x)):/3 dx, 



where : :p denotes Wick ordering with respect to the covariance at inverse temperature (3 
specified by cp{x,x) — \{x, (1 + 2p)x). The following two results can be shown by exactly 
the same methods as in Subsection l9.3l 

Lemma 9.7 The family {Va,^} is Cauchy in all L p (Q,So, fi) spaces and converges, when 
A — > oo, to a function Vp <E LP (Q , So , p) , 1 < P < oo, which satisfies e~ tVl3 € ^(Q, So, p) 
for allt>0. We set 



V l3 =: J 5 (x):P(^(xV(x)) :/3 dx. 

Proposition 9.8 The family {Va} is Cauchy in all spaces L P (Q, So, ff) and converges, when 
A — > oo, to a function V £ L P (Q, So, fi), 1 < p < oo, which satisfies e~ tv € L}(Q, So, /i) for 
all t>0. We set 

V=: [ g(x) :P(^(x)^(x)): dx. 
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9.6 Scalar quantum fields at positive temperature with spatially 
cutoff interactions 

To construct the space-cutoff P(4>)2 and e°"^2 models at positive temperature, we apply the 
general results of Subsection 17.31 Note that by Subsections 19.31 and 19.41 the interactions 
terms V = J g(x) :P(</>(x)) : dx and V = J g(x) le^W :q dx for |a| < y/2ir satisfy all the 
hypotheses of Subsection 17.31 Consequently we obtain the following theorem: 

Theorem 9.9 Let (W, W„, r°, w) 6e i/ie quasi-free (3-KMS system describing the free neu- 
tral Klein-Gordon field in one space dimension at temperature (3 , described in Subsec- 
tion \HJA Let 7i,L,Q, be the associated GNS objects described in Subsection \4-'A Let V be 
the selfadjoint operator on ri affiliated to W K equal either to J g(x) : P(<f>(x)) :q dx or to 
J g(x) ;e a ^ x ' :q dx. Then the following statements hold true: 

(i) L + V is essentially selfadjoint and fl G T>{e~^ Hv ) , where Hy := L + V . 

(ii) Let Ty(t) be the W* -dynamics generated by Hy and uy be the vector state in- 
duced by fly = \\c~ ! z Hv Q\\~ 1 e~^ Hv Q. Then Ty is a group of * -automorphisms 
ofW, continuous for the strong operator topology such that (W, W«, Ty , u>y) 
is a stochastically positive (3-KMS system. 

(Hi) The generalized path space associated to (W, W«, Ty , u>y) satisfies the Markov 
property. 

(iv) Let Ly , Jy be the perturbed Liouvillean and modular conjugation associated to 
(W,W K ,Ty,u v ). Then J v = J and L v = By - JVJ. 
Finally we state the corresponding result for the charged Klein-Gordon field: 

Theorem 9.10 Let (W, W re , r°, w) be the quasi-free (3-KMS system describing the free 
charged Klein- Gordon field in one space dimension at temperature (3~ l and zero chemical 
potential, described in Subsection \8 '.31 Let 7i, L, fl be the associated GNS objects described in 
Subsection \4-S\ Let V be the selfadjoint operator on H affiliated to W K equal to 
J g(x) : P(lp(x)(p(x)) :q dx. Then the following statements hold true: 

(i) L + V is essentially selfadjoint and £1 S T>(e~^ Hv ), where Hy := L + V. 

(ii) Let Ty(t) be the W* -dynamics generated by Hy and uy be the vector state in- 
duced by fly = \\e~2 Hv Q,\\~ 1 e~2 Hv Q. Then Ty is a group of * -automorphisms 
ofW, continuous for the strong operator topology such that (fV, W K , Ty, uiyj 
is a stochastically positive (3-KMS system. 

(Hi) The generalized path space associated to (W, W K , Ty , wy) satisfies the Markov 
property. 

(iv) Let Ly , Jy be the perturbed Liouvillean and modular conjugation associated to 
(W, W re , Ty , ujy) . Then Jy — J and Ly — Hy — JVJ. 
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